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O ver th e  p a s t  two d ecades c o n s id e ra b le  p ro g re s s  has been  made t o ­
ward th e  developm ent o f c o n t r o l  th e o ry  and i t s  a p p l ic a t io n  to  p h y s ic a l  
p ro c e s s e s .  T h is p ro g re s s  has been  b ro u g h t abou t p r in c ip a l ly  by an in ­
c re a s in g  d e g re e  o f  m a th em atica l p ro f ic ie n c y  on th e  p a r t  o f  th e  e n g in e e r .  
Once a m a th e m a tica l model h as  been  s e le c te d  f o r  th e  p ro c e s s ,  th e  o p tim a l 
c o n t r o l  problem  i s  m ere ly  a  m a th em atica l o p tim iz a tio n  problem  w ith  con­
s t r a i n t s  m o tiv a te d  by p h y s ic a l  c o n s id e ra t io n s .  F u rth e rm o re , b e ca u se  o f 
th e  r a p id  grow th in  com puter tech n o lo g y  i t  i s  becom ing f e a s i b l e  to  con­
s i d e r  more complex m a th em atica l m odels and o p tim iz a tio n  te c h n iq u e s , th u s  
r e q u i r in g  even m ore m a th em atica l d e x te r i ty  on th e  p a r t  o f  th e  c o n t r o l  
e n g in e e r .
Some a re a s  o f  m a th em atic s , such  a s  l i n e a r  a lg e b r a ,  have  lo n g  been  
re c o g n iz e d  as b e in g  p r e r e q u i s i t e  f o r  an u n d e rs ta n d in g  o f  c o n t r o l  th e o ry
[ 1 ,2 ] ,  s in c e  even  f o r  th e  l i n e a r  q u a d ra t ic  c o n t r o l  problem  i t  i s  n e c e s ­
s a ry  to  employ su ch  c o n ce p ts  a s  n o n n e g a tiv e  d e f in i te n e s s  o f  a  l i n e a r  o p e r­
a t o r .  The a p p l i c a b i l i t y  to  c o n t r o l  th e o ry  o f  many o f  th e  r e s u l t s  o f 
l i n e a r  a lg e b r a ,  how ever, h in g e s  upon th e  r a t h e r  o p t im is t i c  assum ption  th a t  
th e  system  to  be c o n t r o l le d  can  be re p re s e n te d  a t  l e a s t  l o c a l l y  by a l i n ­
e a r  m odel.
One o f  th e  m ajo r g o a ls  o f  t h i s  re s e a rc h  i s  to  i l l u s t r a t e  how c e r t a i n  
r e s u l t s  from  m easure th e o ry , to p o lo g y  and e lem en ta ry  f u n c t io n a l  a n a ly s is  
may be a p p lie d  to  problem s in  n o n l in e a r  c o n t r o l  th e o ry . The a p p l ic a t io n  
o f  th e s e  r e s u l t s  to  a  s t o c h a s t i c  c o n t r o l  problem  le a d s  to  s e v e r a l  s p e c i f i c  
r e s u l t s  in  a d d i t io n  to  p ro v id in g  in s ig h t  in to  th e  s t r u c t u r e  o f  th e  o p t i ­
mal s o lu t io n .
2The prob lem  to  be  c o n s id e re d  h e re  I s  t h a t  o f  d e te rm in in g  th e  op­
t im a l  c o n tro l  f o r  c o n tin u o u s - tim e , c o n t in u o u s - s t a te ,  s t o c h a s t i c ,  non­
l i n e a r  dynamic sy s te m s . The s t a r t i n g  p o in t  o f  th e  r e s e a rc h  b e in g  r e ­
p o r te d  on h e re  i s  th e  work o f  M ortensen [ 3 ,4 ,5 ] .  No a tte m p t w i l l  be  made 
to  p re s e n t  a  r ig o ro u s  d e r iv a t io n  o f  th o s e  r e s u l t s ,  s in c e  such  a d e r iv a ­
t io n  would n e c e s s a r i ly  be  q u i t e  le n g th y  and i s  n o t e s s e n t i a l  to  th e  u n d er­
s ta n d in g  o f  th e  p re s e n t  r e s e a rc h .
The b a s ic  problem  may be s t a t e d  as fo l lo w s . C o n sid e r a  system  d e f in e d  
on [ t Q,T] o f  th e  form
(1 .1 )  x ( t )  = f ( x , u , t )  +  n x( t )
(1 .2 )  y ( t )  = h ( x , t )  + n 2 ( t )
w h e re in  x i s  th e  s t a t e  v e c to r ,  u i s  th e  c o n t r o l  v e c to r ,  y i s  th e  ’m easu red '
v e c to r ,  o r  o b s e r v a t io n s ,  and n and n^ a r e  random p ro c e s s e s .  The problem  
i s  to  d e te rm in e  th e  c o n t r o l  u ( t )  f o r  t e [ t Q,T ] so  t h a t  some p r e s p e c i f ie d  
c o s t  fu n c t io n a l  i s  m in im ized . The c o s t  f u n c t io n a l  would t y p i c a l l y  i n ­
c lu d e  term s to  p e n a l iz e  c o n t r o l  e n e rg y , d e v ia t io n  o f  th e  s t a t e  t r a j e c t o r y  
ab o u t some nom inal t r a j e c t o r y ,  and p erhaps th e  e r r o r  a t  th e  f i n a l  tim e  T. 
F o r exam ple th e  c o s t  fu n c t io n a l  m ight be  o f th e  form
(1 .3 )  J  = <J>(x(T)) + /  T [V (x ,t)  + \  uT( t )  u ( t ) ]  d t
t o
w here T d e n o te s  t r a n s p o s e .
S in ce  th e  sy stem  u n d e r c o n s id e ra t io n  i s  a  s to c h a s t i c  p ro c e s s ,  th e  
c o s t  d e f in e d  in  (1 .3 )  i s  a  random v a r i a b l e .  I f  th e  sam ple p a th  o f  n 1( t )  
w ere  known in  ad v an ce , th e  problem  cou ld  b e  t r e a t e d  as a  d e te r m in is t i c  one 
and i t  would in  p r in c ip l e  b e  p o s s ib le  to  f in d  a  c o n tro l  s t r a t e g y  u ( { n ^ r ) :
r e [ t o ,T ]}) w hich would m in im ize J  f o r  each  in d iv id u a l  sam ple p a th . S in ce
3i t  i s  n o t  r e a l i s t i c  to  ex p ec t t h a t  th e  n o is e  w ould be known, a  more r e a ­
so n a b le  app roach  would be to  choose a  new c o s t  w hich would r e f l e c t  some 
k in d  o f  a v e rag e  o f  th e  o ld  c o s t  o v e r a l l  p o s s ib le  sam ple p a th s .  The ty p e  
o f av erag e  to  be  employed depends on th e  amount o f  in fo rm a tio n  th a t  th e  
c o n t r o l l e r  i s  a llo w ed  to  u s e .
C o n sid e r f i r s t  th e  s i t u a t i o n  w here th e  c o n t r o l l e r  i s  n o t  a llo w ed  to  
have any in fo rm a tio n  from th e  p ro c e s s ;  i . e . ,  th e r e  a re  no m easurem ents fe d  
b ack . T h is  i s  th e  a  p r i o r i  open loop  c o n t r o l l e r  and i t s  d e s ig n  i s  b ased  
on th e  d i s t r i b u t i o n  o f  th e  i n i t i a l  s t a t e  x ( 0 ) , and th e  s t a t i s t i c s  o f  th e  
n o is e  p ro c e s s  n j ( t ) .  The c o n t r o l  s ig n a l  g e n e ra te d  by t h i s  c o n t r o l l e r  i s  
in d e p en d e n t o f  th e  sam ple p a th  o f  n ^ ( t ) , and th u s  may be  computed p r i o r  to
th e  i n i t i a l  tim e  t  .o
For th e  a  p r i o r i  open lo o p  c o n t r o l  problem  th e  c o s t  i s  u s u a l ly  ta k en
to  be th e  e x p ec te d  v a lu e  o f  th e  o r i g i n a l  c o s t .  S p e c i f i c a l l y ,  a t  each  tim e
t e [ t o ,T ] ,  each term  w hich depends on x ( t )  in  th e  o r i g i n a l  c o s t  i s  re p la c e d
by i t s  u n c o n d it io n a l  e x p ec te d  v a lu e . F o r exam ple in  ( 1 .3 ) ,  th e  te rm  V (x ,t )
w ould be  re p la c e d  by E { V (x ,t)}  = /  V (A ,t)  p (A) dA w here p ( . )  i s  th e  a
Rn c
p r i o r i  p r o b a b i l i t y  d e n s i ty  fu n c tio n  o f th e  s t a t e  x  a t  tim e  t .  Thus th e
re fo rm u la te d  c o s t  f o r  th e  a  p r i o r i  open lo o p  problem  i s  g iv e n  by
( 1 .4 )  J  -  /  *<A) PT(A) dA +  / T J V (A ,t) p .(A ) dA d t  +  JT uT( t )  u ( t )  d t  .
R t  R to o
In  th e  c a se  o f  th e  feed b ack  c o n t r o l  p rob lem , w here a t  tim e  t  th e  
c o n t r o l l e r  i s  p e rm itte d  to  u se  th e  in fo rm a tio n  s e t  =* t y ( r ) : T e [ t Q,T ]}  to  
g e n e ra te  th e  c o n t r o l  s i g n a l ,  th e  c o s t  i s  g iv en  in  te rm s o f  th e  c o n d i t io n a l  
p r o b a b i l i ty  d e n s i ty  pt ( . | S t ) .  The c o rre sp o n d in g  c o s t  i s
(1 .5 )  J 2 = / n $ (A) PT(A |ST) dA + / T / n V (A ,t) Pt (A |S t ) dA d t
R t  Ro
+ / T uT ( t )  u ( t )  d t  . 
t o
S in c e  Pt ( . [ S fc) i s  i t s e l f  a  random f u n c t io n ,  i t  i s  c l e a r  t h a t  th e  o p tim a l 
c o n t r o l  s t r a t e g y  m ust depend in  some way on th e  s e t  o f  o b s e rv a tio n s  St .
I t  tu rn s  o u t t h a t  th e  o p tim a l c o n t r o l  s t r a t e g y  can be  r e a l i z e d  by a  fu n c­
t i o n  o f  th e  form
A A
U ( t )  = u (pt ( .  | s t ) , t )  .
In  o th e r  w ords th e  c o n d i t io n a l  p r o b a b i l i ty  d e n s i ty  fu n c t io n  c o n ta in s  a l l  
o f  th e  in fo rm a tio n  about th e  o b s e rv a tio n s  t h a t  i s  needed  to  g e n e ra te  th e  
o p tim a l c o n t r o l .
At t h i s  p o in t  i t  sh o u ld  be  c l e a r  from  (1 .4 )  and (1 .5 )  t h a t  th e  den­
s i t i e s  pfc( . )  and Pt ( . | S t ) p la y  an im p o rta n t r o l e  in  th e  p rob lem  fo rm u la t io n , 
and th u s  i t  i s  im p o rta n t to  have e q u a tio n s  w hich d e s c r ib e  th e  e v o lu tio n  o f  
th e s e  d e n s i t i e s  in  tim e . In  o rd e r  to  o b ta in  th e s e  e q u a t io n s ,  how ever, i t
i s  n e c e s sa ry  to  g iv e  a  more p r e c i s e  d e s c r ip t io n  o f  th e  system  model to  be
u sed .
F or n o t a t l o n a l  co n ven ience  th e  d is c u s s io n  w i l l  be l im i t e d  h e re  to  
s c a l a r  p ro c e s s e s .  In  Appendix C th e  r e s u l t s  o b ta in e d  f o r  th e  s c a l a r  c a se  
w i l l  be  ex ten d ed  to  th e  v e c to r  c a se .
From an e n g in e e r in g  v ie w p o in t, th e  system  model to  be  c o n s id e re d  f o r  
th e  open lo o p  problem  i s
(1 .6 )  x ( t )  = f ( x , t )  + b u ( t )  + cn^C t)
w here n ^ t )  i s  a w h ite  n o is e  p ro c e s s .  However, due to  c o n c e p tu a l problem s 
a s s o c ia te d  w ith  th e  i n t e g r a t i o n  o f w h ite  n o is e ,  th e  model can be  w r i t t e n  
more r ig o r o u s ly  i n  th e  form
(1 .7 )  d x ( t )  = [ f ( x , t )  +  b u ( t ) ]  d t  + cdVjCt)
w hich i s  i n t e r p r e te d  as
(1 .8 )  x ( t )  = x ( t Q) +  / t  [ f ( x , t )  +  b u ( t ) ] d t  +  c /  d v ^ t )  .
The p ro c e s s  V j ( t )  I s  a  s ta n d a r d  W einer p ro c e s s  and I s  d e f in e d  by s p e c i f y in g  
t h a t  i t  b e  G au ss ian  w ith  in d e p en d e n t in c re m e n ts  and t h a t  i s  s a t i s f y
(1 .9 )  E { V j(t)  -  V l( s ) }  = 0
(1 .1 0 )  E { (v i ( t ) - v 1( s ) ) 2 } = | t  -  s |  .
The second  i n t e g r a l  i n  (1 .8 )  i s  a  s t o c h a s t i c  i n t e g r a l  and co u ld  in  g e n e r a l  
be  i n t e r p r e t e d  m e a n in g fu lly  in  e i t h e r  th e  s e n s e  o f  I t o  [7 ,8 ]  o r  o f  S t r a t -  
o n o v ich  [ 6 ] ,  b u t as i t  a p p e a rs  in  (1 .8 )  th e  two i n t e r p r e t a t i o n s  c o in c id e .  
See [6] f o r  an e x c e l l e n t  d is c u s s io n  o f t h e s e  two ty p e s  o f  s t o c h a s t i c  in ­
t e g r a l s  and t h e i r  s i g n i f i c a n c e  r e l a t i v e  to  e n g in e e r in g  p ro b lem s.
F o r th e  sy stem  m odel a s  g iv e n  in  (1 .7 )  i t  i s  w ell-know n  [ 7 ,8 ,9 ]  t h a t  
th e  a p r i o r i  d e n s i ty  Pfc(* ) s a t i s f i e s  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  
3p_U) 3 3Pt <*) e2 32 p (X)
( 1 * 1 1 )  I t  =  “  f x  P t ( « ]  - b u ( T )  +  *
E q u a tio n  (1 .1 1 )  i s  c a l l e d  th e  F o k k e r-P la n ck  e q u a tio n  o r  th e  fo rw ard  Kolmo­
g o ro v  e q u a tio n  and i s  s u b je c t  to  th e  b o undary  c o n d i t io n
(1 .1 2 )  p ( . )  = pQ( . )
o
w here  PQ( . )  i s  th e  s p e c i f i e d  d e n s i ty  fu n c t io n  o f  th e  i n i t i a l  s t a t e  x ( t Q) .
F o r th e  c a se  w here  m easurem ents a r e  to  b e  a llo w e d , th e  r ig o r o u s  form  
o f  th e  e q u a tio n  f o r  th e  o b se rv ed  v a r i a b l e  y ( t )  i s
(1 .1 3 )  d y ( t )  = h ( x , t )  d t  +  d v ^ ( t )
w here  v2 ( t )  i s  a  s ta n d a rd  W einer p ro c e ss  and th e  e q u a t io n  i s  to  be  i n t e r ­
p r e te d  in  te rm s o f  i n t e g r a l s  a s  was ( 1 .7 ) .  The e q u a t io n  f o r  p fc( . [ S i s  a 
s t o c h a s t i c  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  and i s  d e r iv e d  in  [ 5 ] ,  [10] and
6[1 1 ] . I n  [5] and [11] ( . | S I s  o b ta in e d  by n o rm a liz in g  an a u x i l i a r y
f u n c t io n  r ( . , t )  w hich  s a t i s f i e s  th e  e q u a tio n
(1 .1 4 )  dr(x,t) = {- [ f (x,t)  r(xFt>] -  b u ( t )  r(x,t)} dt
+  r ( X , t )  h ( X , t )  d y ( t )  .
The c o n d i t io n a l  d e n s i ty  i s  th e n  g iv en  by
(1 .1 5 )  P j.(A |s .)  = •   .
/  T (X ,t)  dX 
£
E x cep t in  th e  c a se  w here th e  system  i s  l i n e a r ,  th e  n o is e s  and i n i t i a l  
d i s t r i b u t i o n  a r e  G a u ss ia n , and th e  c o s t  i s  q u a d r a t i c ,  th e r e  a r e  few a n a ly ­
t i c a l  r e s u l t s  a v a i l a b le  f o r  th e  problem  d e s c r ib e d  h e r e .  In  th e  LQG ( l i n ­
e a r  q u a d r a t ic  G au ssian ) c a se  how ever, Ja z w in sk i [9] shows how th e  e q u a tio n  
f o r  th e  c o n d i t io n a l  d e n s i ty  f o r  th e  g e n e ra l  c a se  red u ces  to  th e  w ell-know n 
Kalman f i l t e r .  A lso  f o r  th e  LQG problem  i t  i s  p o s s ib le  to  s o lv e  th e  con­
t r o l  and e s t im a tio n  problem s s e p a r a te ly  [1 3 ,1 4 ] , and th e n  com bine th e  two
A
r e s u l t s  by u s in g  th e  e s tim a te d  s t a t e  x ( t )  i n  th e  o p tim a l feed b ack  c o n tro l  
p o l ic y  u  ( x ( t ) » t ) .  T h is  r e s u l t ,  known as  th e  s e p a r a t io n  p r i n c i p l e ,  g r e a t ly  
re d u c es  th e  co m p u ta tio n a l e f f o r t  r e q u ire d  f o r  im p lem en ta tio n  o f  th e  op­
t im a l  c o n t r o l .
F o r th e  g e n e r a l  n o n l in e a r  problem  th e r e  i s  no s e p a r a t io n  p r i n c i p l e .  
A lso  t h e r e  i s  no c l e a r - c u t  e s t im a t io n  problem  and th e  d e n s i t i e s  cannot b e  
c h a r a c te r iz e d  w ith  a  f i n i t e  number o f  p a ra m e te rs . In  su b seq u en t c h a p te rs  
a t t e n t i o n  w i l l  b e  tu rn e d  to  th e  t a s k  o f  d e v e lo p in g  im p lem en tab le  a lg o r ith m s  
f o r  com puting th e  o p tim a l c o n t r o l  fu n c t io n  f o r  th e  g e n e ra l  c a s e .
CHAPTER 2
THE OPEN LOOP CONTROL PROBLEM
2 .1  Problem  F o rm u la tio n
As was p o in te d  o u t in  c h a p te r  1 , th e  perfo rm ance in d ex  f o r  th e  open 
lo o p  c o n t r o l  p rob lem  may be w r i t t e n  in  te rras o f  th e  a  p r i o r i  d e n s i ty  
fu n c t io n  p t ( . )  and th e  c o n t r o l  u ( . ) .  S in c e  p fc( . )  i s  d e te rm in ed  by i t s  
i n i t i a l  v a lu e  PQ(*) and th e  c o n t r o l  u ( . )  on th e  i n t e r v a l  [ t Q,T]» th e  one 
d im e n s io n a l s t o c h a s t i c  problem  i s  e q u iv a le n t  to  an i n f i n i t e  d im e n s io n a l 
d e te r m in i s t i c  p rob lem . The s t a t e  o f  t h e  re fo rm u la te d  problem  i s  th e  a 
p r i o r i  d e n s i ty  p fc( . ) ,  and th e  r o l e  o f  th e  c o n t r o l  u ( . )  i s  to  in f lu e n c e  
P t ( . )  s o  as  to  m in im ize  th e  a s s o c ia te d  c o s t .  In  more p r e c i s e  te rm s th e  
re fo rm u la te d  problem  i s  th e  fo llo w in g .
G iven th e  sy stem  model
( 2 .1 .1 )  [ ( f  (X '.t) '+  b u ( t ) )  iK X .t) ] +  ~
w ith  th e  i n i t i a l  c o n d it io n
(2 .1 .2 )  iK X ,to) = pQ(X) ,
*fc
d e te rm in e  th e  c o n t r o l  fu n c tio n  u ( . )  on th e  tim e I n t e r v a l  [ t Q,T ] t h a t  
m in im izes th e  c o s t  f u n c t io n a l
( 2 .1 .3 )  J  = /  < K A )  iKA.T) dX + / T /  V (A ,t)  if> a ,t)  dA d t  + .5  f  u2 ( t )  d t
R t  R to o
The problem  a s  j u s t  s t a t e d  can b e  view ed a s  m ere ly  a d e te r m in i s t i c  
problem  i n  i n f i n i t e  d im e n s io n a l fu n c t io n  sp a c e , w ith o u t re g a rd  to  th e  
o r i g i n a l  s t o c h a s t i c  problem . However, one p o in t  t h a t  sh o u ld  be n o te d  i s  
th a t  a  feed b ack  c o n t r o l  f o r  th e  re fo rm u la te d  sy stem  c o rre sp o n d s  to  an 
open lo o p  c o n tro l  f o r  th e  o r i g i n a l  s t o c h a s t i c  sy stem . Thi9 I s  due to  th e
f a c t  th a t  i K . , t ) ,  w hich c o rre sp o n d s  t o  th e  a  p r i o r i  d e n s i ty  fu n c tio n  
Pt (*)* does n o t depend on th e  p a r t i c u l a r  sam ple p a th  o f  th e  u n d e r ly in g  
s to c h a s t i c  p ro c e s s .  Thus i t  i s  c o n s i s t e n t  w ith  th e  open loop  s to c h a s t i c  
problem  as s t a t e d  in  c h a p te r  1 to  seek  a  feed b ack  c o n t r o l  f o r  th e  d i s t r i b ­
u te d  p a ra m e te r system  d e s c r ib e d  by ( 2 .1 .1 )  and ( 2 .1 .2 ) .  By a  feedback  
c o n t r o l l e r  f o r  ( 2 .1 .1 )  i s  m eant th e  s p e c i f i c a t i o n  o f  a  tra n s fo rm a tio n * X  
from  [ t o ,T ]xL 1 (R) to  R: i . e . ,
(2 .1 .4 )  u ( t ) = 'T ( t , i|i( .  »t ) )  .
F in d in g  th e  o p tim a l c o n t r o l  would th e r e f o r e  be  e q u iv a le n t  to  f in d in g  th e  
tr a n s fo rm a tio n  from [ t Q,T ]x L 1 (R) th a trm in im iz e s  ( 2 .1 .3 )  s u b je c t  to
( 2 .1 .1 )  and ( 2 .1 .2 ) .
I f  one w ish es  to  view  t h i s  c o n t r o l  problem  as  a  feed b ack  c o n t r o l  
p rob lem  f o r  a  d i s t r i b u t e d  p a ra m e te r  sy stem , i t  sh o u ld  be  re c o g n iz e d  t h a t  
t h i s  fo rm u la tio n  d i f f e r s  from  th e  u s u a l  fo rm u la t io n  o f  th e  d i s t r i b u t e d  
p a ra m e te r c o n t r o l  problem  i n  a  v e ry  s i g n i f i c a n t  way. In  th e  u s u a l  f o r ­
m u la tio n  [1 5 ,1 6 ,1 7 ]  th e  c o n t r o l  i s  assumed to  be  a  fu n c t io n  o f  b o th  in d e ­
p en d en t v a r i a b l e s .  T h is w ould  amount t o  r e p la c in g  u ( t )  in  ( 2 .1 .1 )  by 
u ( l , t ) .  C le a r ly  t h i s  w ould b e  an u n d e s i r a b le  g e n e r a l iz a t io n  b e c a u se  t h i s  
r e s u l t  co u ld  n o t  be  i n t e r p r e t e d  i n  te rm s o f  th e  o r i g i n a l  s t o c h a s t i c  p ro c ­
e s s .  T h e re fo re  i f  th e  p rob lem  under c o n s id e r a t io n  i s  t o  b e  view ed as a 
feed b ack  c o n t r o l  problem  o f  a  d i s t r i b u t e d  p a ra m ete r system  in  th e  u s u a l  
s e n s e ,  th e n  th e  c o n tr o l  c o n s t r a in t
( 2 .1 .5 )  u ( t ,X 1) = u ( t ,X 2) t e [ t o ,T] , J ^ ,  l 2eR
m ust be  e n fo rc e d . Thus i n  c o n v e n tio n a l te rm s th e  p rob lem  d e f in e d  by
( 2 .1 .1 )  -  ( 2 .1 .4 )  can b e s t  b e  d e sc r ib e d  as  a  c o n s tr a in e d  feed b ack  con­
t r o l  problem  f o r  a  d i s t r i b u t e d  p a ra m e te r sy stem .
9A lso I t  sh o u ld  bei n o te d  th a t  s in c e  th e  c o n t r o l  fu n c t io n  u ( . )  e n te r s  
e q u a tio n  ( 2 .1 .1 )  as a  c o e f f i c i e n t  of th e  te rm  - |^  , th e  c o n t r o l  p roblem  
i s  n o n l in e a r .
S in ce  th e  problem  a t  hand  i s  n o n l in e a r ,  tim e  v a ry in g  and in c lu d e s  a 
c o n t r o l  c o n s t r a in t ,  i t  i s  n o t  s u r p r i s in g  t h a t  th e r e  a r e  no r e s u l t s  a v a i l ­
a b le  in  th e  l i t e r a t u r e  w hich a r e  d i r e c t l y  a p p l ic a b le  to  t h i s  p roblem .
Some o f  th e  a re a s  o f  d i s t r i b u t e d  p a ram ete r sy stem  c o n t r o l  t h a t  have been  
g iv en  some a t t e n t i o n  in  th e  l i t e r a t u r e  in c lu d e  th e  l i n e a r  c o n t r o l  problem  
w ith  q u a d ra t ic  c o s t  [1 5 ,1 6 ,1 7 ]  and th e  tim e  o p tim a l c o n t r o l  problem  [1 6 , 
1 7 ,1 8 ] . See [19] o r  [20] f o r  su rv ey s  o f  t h e  l i t e r a t u r e  on o p tim a l con­
t r o l  o f  d i s t r i b u t e d  p a ra m e te r sy stem s.
2 .2  A p p lic a t io n  o f  th e  Maximum P r in c ip le
The maximum p r in c ip le  f o r  d i s t r i b u t e d  p a ra m e te r sy stem s [17] w i l l  
f i r s t  be  g iv en  in  g e n e ra l  te rm s , and th e n  i t  w i l l  b e  s p e c ia l i z e d  to  th e  
problem  d e sc r ib e d  in  th e  p re v io u s  s e c t io n .
C o n sid er th e  c la s s  o f  d i s t r i b u t e d  p a ra m e te r  sy stem s d e s c r ib e d  by th e  
fo llo w in g  p a r t i a l  d i f f e r e n t i a l  eq u a tio n :
( 2 .2 .1 )  = l f a ( X ,  t ) , u ( X , t ) )
w here "j^is a  s p e c i f i e d  s p a t i a l  d i f f e r e n t i a l  o p e r a to r .  L e t r(R ) be  a 
s p e c i f ie d  s t a t e  fu n c tio n  s p a c e ,  and assume th e  i n i t i a l  s t a t e  p o ( . ) e T ( R )  
i s  g iv e n . The problem  i s  to  d e te rm in e  th e  c o n t r o l  f u n c t io n  u ( . , . )  from  
some s e t  (Xof a d m is s ib le  c o n t r o l s  so t h a t  th e  p erfo rm ance  in d ex
( 2 .2 .2 )  J ( t  ) = /  P (t ,X , iKX,T>) dX + / T /  P1 C t,X ,K .(X ,t),u (X ,t> ) dX d t
R t  Ro
i s  m in im ized .
The s ta te m e n t o f  th e  maximum p r in c ip l e  as  a p p lie d  to  t h i s  problem  i s  
g iv e n  in  term s o f  an o p tim a l v a lu e  f u n c t io n .  T h is  f u n c t io n  i s  d e f in e d  as
10
as  fo l lo w s :
UE  <X
w here t e [ t Q,T ] .  In  o th e r  words S r e p r e s e n ts  th e  minimum p o s s ib le  c o s t  
t h a t  c o u ld  be In c u r re d  In  s t a r t i n g  from  i f i ( . , t )  a t  tim e  t  and u s in g  an 
a d m is s ib le  c o n t r o l  on th e  i n t e r v a l  [ t ; T ] .
A p p ly in g  th e  te c h n iq u e s  o f  dynam ic program m ing [17] r e s u l t s  in  th e  
fo llo w in g  f u n c t io n a l  e q u a tio n  w h ich  i s  c a l l e d  th e  H a m ilto n -Ja c o b i e q u a tio n  
f o r  d i s t r i b u t e d  p a ra m e te r  sy s te m s .
A f o r  a  d e f i n i t i o n  and d is c u s s io n  o f  F re c h e t d e r i v a t i v e s .
In  a n a lo g y  to  th e  lumped p a ra m e te r  th e o r y ,  th e  H am ilto n ia n  i s  d e f in e d  
to  be  th e  i n t e g r a l  o f  ( 2 .2 .4 ) ,  i . e . ,
( 2 .2 .5 )  H(ifi,W,t) = /  [W l(^ ,u) +  P 1 ( t ,A ,i [ i ,u ) ] dX
The maximum p r i n c i p l e  th en  s t a t e s  t h a t  f o r  a  c o n t r o l  u ( . )  t o  be o p - 
t lm a l  i t  i s  n e c e s s a ry  t h a t  u ( . )  m in im ize  H o v e r  Ot, w here i{( and W a re  
e v a lu a te d  a lo n g  th e  o p tim a l t r a j e c t o r y .
M aking th e  f u r t h e r  d e f i n i t i o n
( 2 .2 .6 )  Ho (\[i,W ,t) = min H (||;,W ,t) ,
u e  Gk.
th e  maximum p r i n c i p l e  a l s o  s t a t e s  t h a t  and W on th e  o p tim a l t r a j e c t o r y  
s a t i s f y  th e  fo llo w in g  s e t  o f  c a n o n ic a l  d i f f e r e n t i a l  e q u a t io n s :
+  P1 ( t ,X , If ( X , t ) , u ( X , t ) )  dX = 0 .
(5SI t  sh o u ld  b e  n o te d  t h a t  th e  te rm  i s  a  F r e c h e t  d e r i v a t i v e .  See A ppendix
11




w ith  i n i t i a l  c o n d i t io n
( 2 .2 .9 )  * ( . , t o )  =  P Q ( . )
and te rm in a l  c o n d it io n
(2 .2 .1 0 )  W(X,T) *
3po (T ,X ,«(X ,T ))
T hus, a s  one m igh t ex p ec t from knowledge o f  th e  th e o ry  f o r  th e  lumped 
p a ra m ete r  c a s e , a p p l ic a t io n  o f  th e  maximum p r i n c i p l e  y i e ld s  a  two p o in t  
boundary  v a lu e  problem  in  fu n c t io n  sp a c e .
A lthough i t  fo llo w s  im m ed ia te ly  from  ( 2 .2 .5 )  ( s e e  A ppendix A) t h a t
( 2 .2 .7 )  re d u c e s  to  th e  o r ig i n a l  s t a t e  e q u a tio n  ( 2 .2 .1 ) ,  i t  i s  n o t o bv ious
would b e  in  th e  form  o f  a  p a r t i a l  d i f f e r e n t i a l  e q u a t io n . I n  A ppendix B 
th e  problem  o f  o b ta in in g  a  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  f o r  W i s  c o n s id ­
e re d , and a  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  i s  r ig o r o u s ly  d e r iv e d  f o r  a  
p a r t i c u l a r  c la s s  o f  c o n t r o l  p ro b lem s. A lthough  th e  d e r iv a t io n  in  Appendix 
B i s  done in d e p e n d e n tly  o f  ( 2 .2 .8 ) ,  i t  can  b e  shown ( s e e  exam ple 3 o f  Ap­
p en d ix  A) t h a t  u n d e r s u i t a b l e  assu m p tio n s  ( 2 .2 .8 )  may b e  u sed  to  g e t th e  
same r e s u l t .
The H a m ilto n -Ja c o b i e q u a tio n  w i l l  now b e  u sed  to  d e te rm in e  th e  s t r u c ­
tu r e  o f  th e  o p tim a l c o n t r o l  p o l ic y  in  te rm s o f  th e  s t a t e  and c o s ta te  
v a r i a b l e s .
In  o rd e r  to  s p e c i a l i z e  ( 2 .2 .5 )  to  th e  system  d e s c r ib e d  i n  th e  p r e v i ­
ous s e c t io n ,  i t  i s  n e c e s sa ry  to  d e f in e  th e  te rm s and 7:,. Comparing
(2 .1 .3 )  to  ( 2 .2 .5 ) ,  i t  i s  c l e a r  t h a t  Pq sh o u ld  b e  d e f in e d  as
SH
how to  e x p re ss  as  a s p a t i a l  d i f f e r e n t i a l  o p e r a to r  so  t h a t  ( 2 .2 .8 )
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(2 .2 .1 1 )  Po (T,X,KXfT)) = ♦ <*) 4»a,T) .
However, in  o rd e r  to  d e f in e  P^  ^ to  co rre sp o n d  to  ( 2 .1 .3 )  i t  i s  n e c e s sa ry  
to  In tro d u c e  a  s l i g h t  m o d if ic a t io n  i n  a n t i c i p a t i o n  o f  th e  c o n t r o l  con­
s t r a i n t  g iv e n  by ( 2 .1 .5 ) .  S p e c i f i c a l l y  l e t  Pj^  be  d e f in e d  by
(2 .2 .1 2 )  P ( t , x , ^ ( X , t )  ,u ( X ,t ) )  = V(X»t) i/t(X ,t) + .5  s(X) u2 (X ,t)  
w here i t  i s  r e q u ir e d  t h a t  s(X) s a t i s f y
(2 .2 .1 3 )  /  s(X ) dX = 1 
R
The s p a t i a l  d i f f e r e n t i a l  o p e ra to r  i s  d e f in e d  by
■ (2 .2 .1 4 )  l O j i .u )  = - | ^  [ ( f ( X , t )  +  b u (X ,t) )  TP(X,t)] ■
Thus th e  H am ilto n ian  i s  d e f in e d  by
(2 .2 .1 5 )  H (ij / \w * ,t)  = /  [W*(X,t) X ( / , u )  + V ( X ,t )  / ( X , t )
R
+ .5  s(X) u2 ( X , t ) ]  dX .
I f  in  (2 .2 .1 1 )  i/i and W a r e  ta k en  to  b e  th e  s t a t e  and c o s ta te  co rre sp o n d in g
to  th e  o p tim a l c o n t r o l ,  th e n  th e  maximum p r in c ip l e  says t h a t  th e  H am ilto n -
*
ia n  i s  m in im ized  over Q b y  th e  o p tim a l c o n t r o l  u ( . , . ) .  C o n s id e rin g  on ly
*
th o s e  term s w hich  depend on th e  c o n t r o l ,  th e  re q u ire m e n t i s  t h a t  u m ust 
m in im ize th e  e x p re s s io n
(2 .2 .1 6 )  G(u) = -b  /  W *(X ,t) u (X ,t)  t t - vp*(X,t) dX +  .5  /  s(X ) u 2 (X ,t)  dX .
R R
Now a p p ly in g  th e  c o n s t r a in t  ( 2 .1 .5 )  t h a t  th e  c o n t r o l  b e  In d ep en d en t o f  
X, G(u) becomes
(2 .2 .1 7 )  G(u) = -  b u ( t )  /  W *(X,t) — ■ i|/(X ,t) dX + .5  u2 ( t )
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9Gw hich upon s e t t i n g  to  z e ro  y ie ld s  th e  re q u ire m e n t t h a t  th e  o p tim a l
A
c o n t r o l  u ( t )  s a t i s f y
( 2 .2 .1 8 )  u * ( t )  = b /  W *(X,t) | j / ( X , t )  dX .
R
yf
S in c e  u ( t )  depends on th e  o p tim a l s t a t e  t r a j e c t o r y  if>(X ,t), i t  can a ls o  
be  w r i t t e n  as a  feed b ack  c o n t r o l  law :
(2 .2 .1 9 )  « * { / ( . ,  t ) , t )  -  b /  W *(X,t) | r - / ( X , t )  dX .
R
2 .3  I n t e r p r e t a t i o n  o f  th e  O p tim al C o n tro l Law
Due to  th e  co m p lex ity  o f  th e  c o n t r o l  law  p re s e n te d  in  th e  p re v io u s  
s e c t io n ,  a  b r i e f  summary o f  th e  r e s u l t s  w i l l  b e  p re s e n te d  h e re  w ith  em­
p h a s is  on c l e a r l y  d e f in in g  th e  f u n c t io n a l  r e l a t i o n s h ip s  o f  th e  d i f f e r e n t  
v a r i a b l e s .
*From (2 ,2 .1 9 )  i t  i s  c l e a r  t h a t  i f  W wfere:known, th e  feed b ack  co n - 
t r o l  law  cou ld  be  e a s i l y  im plem ented . However, s in c e  W ( . , t )  i s  th e
"ft
F re c h e t d e r iv a t iv e  o f  th e  o p tim a l v a lu e  fu n c t io n  S a t  th e  p o in t  ij* ( . , t ) ,  
th e  o p tim a l c o s ta t e  i s  s e n s i t i v e  to  any changes in  th e ^ o p tlm a l s t a t e
t r a j e c t o r y .  In  p a r t i c u l a r  a  change in  th e  i n i t i a l  s t a t e  ( . , t Q) would
cau se  th e  o p tim a l t r a j e c t o r y  i|/ ( . , t )  to  ch an g e , which i n  tu rn  would change
A A
W ( . , t ) .  T h e re fo re  W ( . , t )  depends on th e  i n i t i a l  s t a t e  ^ ( . » t  ) .  F ig u re
2 .3 .1  shows a  b lo c k  d iag ram  f o r  th e  g e n e ra t io n  o f  th e  feed b ack  c o n t r o l
f o r  a  p a r t i c u l a r  i n i t i a l  s t a t e ,  assum ing th e  c o rre sp o n d in g  c o s ta te  W i s
known.
F ig u re  2 .3 .2  shows a  b lo c k  d iag ram  f o r  th e  g e n e ra t io n  o f th e  o p tim a l 
c o n t r o l  law f o r  th e  g e n e ra l  caBe. C le a r ly  i t  i s  n o t an lm p lem en tab le  a l ­
g o rith m , b u t i t  f u r n is h e s  an i n t u i t i v e  p i c tu r e  o f  th e  d e g re e  o f  d i f f i c u l t y  
in v o lv e d  in  s o lv in g  th e  p rob lem . The e q u a tio n  re p re s e n te d  by th e  b lo c k
14
u ( t )
4 J g - * £ l - i W . a )
(2 .2 .1 4 )
FIGURE 2 .3 .1  : G e n e ra tio n  o f u ( , )  f a r  Fixed I n i t i a l  S ta te  and Known W .
u ( t )
*st . )
S(.)
( 2 .2 .1 4 )
FIGURE 2 .3 .2  : G en era tio n  o f u ( . )  fo r  tlu> G eneral Problem
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d iag ram  i s  th e  H a m ilto n -Ja c o b i e q u a tio n  w ith  th e  e x p re s s io n  f o r  th e  fe e d ­
b ack  c o n t r o l  law s u b s t i t u t e d  b ack  i n .  I n  o th e r  w ords
w here  u  i s  to  b e  i n t e r p r e te d  as  th e  c o n t r o l  law d e f in e d  In  ( 2 .2 .1 9 ) .
A lso  from  th e  d e f i n i t i o n  o f S , ( 2 . 2 . 3 ) ,  and th e  c o s t  f u n c t io n a l ,  ( 2 i l . 3 ) ,  
i t  i s  c l e a r  t h a t  th e  boundary c o n d i t io n  f o r  ( 2 .3 .1 )  i s
( 2 .3 .2 )  S fy (A ,T )) = /  ♦<*) <K*»T) dX .
R
In  o rd e r  to  i l l u s t r a t e  how fo rm id a b le  a  t a s k  . i t  would b e  to  s o lv e  
th e  H a m ilto n -Ja c o b i e q u a tio n , i t  i s  h e lp f u l  t o  c o n s id e r  th e  fo llo w in g  
a n a lo g y  to  o rd in a ry  and p a r t i a l  d i f f e r e n t i a l  e q u a t io n s :
O rd in a ry  S c a la r  D i f f e r e n t i a l  E q u a tio n s  
F o r th e  e q u a tio n  x  = f ( x , t ) , t h e  s o lu t io n  i s  a  mapping from  [ t Q,T] 
i n t o  R. Thus a t  each  tim e t  th e  s o lu t io n  ta k e s  th e  form  o f  a  s i n g l e  r e a l
o p e r a to r ,  th e  s o lu t io n  I s  a  mapping from  [ t Q,T] i n t o  T(R) w here T(R) i s  a 
f u n c t io n  sp ac e  d e f in e d  on th e  r e a l  l i n e .  Thus a t  each  tim e  t  th e  s o lu t io n :  
ta k e s  th e  form  o f  a  r e a l - v a lu e d  fu n c t io n  in  T (R ) .
F o r f u n c t io n a l  d i f f e r e n t i a l  e q u a tio n s  such  as  ( 2 .3 .1 ) ,  th e  s o lu t io n  
i s  a  m apping from  [ t Q»T] in to  a  s e t  o f  f u n c t io n a ls  d e f in e d  on a  fu n c tio n
*
number
P a r t i a l  D i f f e r e n t i a l  E q u a tio n s
F o r th e  e q u a tio n  = » w here ^  i s  a  s p a t i a l  d i f f e r e n t i a l
F u n c tio n a l  D i f f e r e n t i a l  E q u a tio n s
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s p a c e , In  t h i s  case  L1 (R ). Thus a t  each  tim e  t  th e  s o lu t io n  ta k e s  th e  
form o f  a  fu n c t io n a l  m apping L*(R) in to  R.
I t  sh o u ld  be n o te d  t h a t  In  o rd e r  to  o b ta in  a g e n e ra l  s o lu t io n  f o r  
th e  c o n t r o l  p rob lem , i t  i s  n e c e s sa ry  to  have  a  g e n e ra l  s o lu t io n  to  th e  
H a m ilto n -Ja c o b i e q u a tio n . W hile I t  i s  n o t u s u a l ly  p o s s ib le  to  o b ta in  
such  a  s o lu t i o n ,  M ortensen  [3] h as  a n a l y t i c a l l y  so lv e d  a  p a r t i c u l a r  p ro b ­
lem . H is s o lu t io n  w i l l  b e  p re s e n te d  in  th e  fo llo w in g  s e c t io n .
6SS in ce  th e  F re c h e t d e r iv a t iv e  i s  o n ly  needed  a lo n g  th e  o p tim a l t r a -  
*
je c t o r y  \fp , i t  m ight ap p ea r t h a t  f o r  a  p a r t i c u l a r  i n i t i a l  c o n d it io n  i t
*
would be p o s s ib le  to  s o lv e  f o r  S o n ly  in  some ne ighborhood  o f  . The 
d i f f i c u l t y  w ith  t h i s  ap p ro ach  i s  t h a t  th e  boundary c o n d i t io n s  on th e  s t a t e  
e q u a tio n  a re  a t  th e  i n i t i a l  tim e and th e  boundary  c o n d i t io n s  on th e  Ham il­
to n -J a c o b i e q u a tio n  a r e  a t  th e  f i n a l  tim e .
2 .4  S o lu t io n  o f  th e  H a m ilto n -Ja c o b i E q u a tio n  -  An Example
The p r e s e n ta t io n  o f  t h i s  exam ple i s  m o tiv a te d  by two o b je c t iv e s .
F i r s t ,  i t  i s  in te n d e d  to  g iv e  th e  r e a d e r  a  b e t t e r  ' f e e l '  f o r  th e  H am ilto n - 
J a c o b i  e q u a tio n . S eco n d ly , th e  s o lu t io n  o f  t h i s  problem  i s  th e  o n ly  a n a ly ­
t i c a l  r e s u l t  a v a i l a b le  w ith  w hich to  compare c o m p u ta tio n a l r e s u l t s .
The d i f f e r e n t i a l  e q u a tio n  d e s c r ib in g  th e  u n d e r ly in g  s to c h a s t i c  p ro c ­
e ss  i s
(2 .4 .1 )  d x ( t )  = ( a x ( t )  +  b u ( t ) )  d t  + c d v ( t)  .
A lthough  th e  p la n t  i s  l i n e a r ,  th e  p rob lem  i s  made n o n t r i v i a l  by d ro p p in g  
th e  a ssu m p tio n s  o f a  G au ss ian  i n i t i a l  d i s t r i b u t i o n  and a  q u a d ra t ic  c o s t .
The F o k k e r-P lan ck  e q u a tio n  co rre sp o n d in g  to  ( 2 .4 .1 )  i s
( 2 .4 .2 )  ( a X * U ,t) )  -  b u ( t )  .
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S in ce  we a re  se e k in g  a  g e n e ra l  s o lu t io n  to  th e  p rob lem , I t  I s  n o t  n e c e s ­
s a ry  to  s p e c i f y  an i n i t i a l  c o n d itio n  f o r  ( 2 .4 .2 ) .  The c o s t  f u n c t io n a l ,  
w r i t t e n  in  te rm s o f  th e  a  p r i o r i  d e n s i ty  f u n c t io n ,  i s  g iv e n  by
w here r ( . )  i s  c o n s id e re d  to  be  th e  t a r g e t  d e n s i ty  f u n c t io n  a t  th e  f i n a l  
tim e .
The H a m ilto n -Ja co b i e q u a tio n  ( 2 .2 .4 ) ,  s p e c ia l iz e d  t o  t h i s  exam ple,
w here th e  fu n c t io n  p p la y s  th e  r o l e  o f  a  dummy v a r i a b l e .  I t  sh o u ld  b e  
n o te d  t h a t  S depends on p and t ,  b u t f o r  n o t a t i o n a l  co n v en ien ce  th e  ex­
p l i c i t  r e p r e s e n ta t io n  o f  t h i s  dependence i s  s u p p re s s e d .
S u b s t i tu t i o n  o f (2 .2 .1 9 )  i n to  ( 2 .4 .4 )  y i e ld s  th e  fo llo w in g  n o n l in e a r  
fu n c t io n a l  e q u a tio n  w hich we need  to  s o lv e :
E q u a tio n  ( 2 .4 .5 )  w i l l  b e  so lv ed  by f i r s t  assum ing a  p a r t i c u l a r  form  f o r  
th e  s o lu t io n  and th e n  a p p ly in g  n e c e s s a ry  c o n d it io n s  and boundary c o n d it io n s  
to  g e t  th e  e x a c t s o lu t io n .  The s o lu t io n  i s  assumed to  b e  o f  th e  form
( 2 .4 .3 )  J  = | ( /  X[iKX,T) -  r ( X ) ] d l j 2 + | u 2 ( i |i ( .) t ) , t )  d t
becomes
+
( 2 .4 .6 )  S = — TTn ( t )  x£ + TT12( t )  X p  z +  \  ^ 2 2 ^ )  z2
( 2 .4 .7 )  x = /  Xp(X) dX 
P nR
( 2 .4 .8 )  z = /  Xr(X) dX . 
R
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U sing  m a tr ix  n o ta t io n ,  d i f f e r e n t i a t i o n  o f  ( 2 .4 .6 )  y ie ld s
as i „ ( t ) Xp
■’ l 2 (t>  "2 2 <C) z
( 2 .4 .9 )  2 —  = [xp S ]
and ta k in g  th e  F re c h e t d e r iv a t iv e  o f  ( 2 .4 .6 ) ,
(2 .4 .1 0 )  | |  = X ( .u ( t ) x p-hr2 1 ( t ) z )  .
S in c e  (2 .4 .1 0 )  i s  easy  to  d i f f e r e n t i a t e ,  i n t e g r a t i o n  by p a r t s  may be  u sed
to  s im p l i f y  ( 2 .4 .5 )  by e l im in a t in g  th e  d e r iv a t iv e s  o f  p and in tr o d u c in g
6 Sd e r iv a t iv e s  o f  —5p
TT„ . U.
(2 .4 .1 1 )  [xp z]
IT. - 7T
= b2 [x z] 
P










so  t h a t  i t  i s  s u f f i c i e n t  to  s o lv e  the- o rd in a ry  d i f f e r e n t i a l  e q u a tio n s
(2 .4 .1 2 a )  ^ u ( t )  + 2aTrn ( t )  -  b2*2 ^ )  = 0 
(2 .4 .1 2 b )  r 12( t )  +  aTr12( t )  -  b2TTn ( t )  7r12( t )  = 0 
(2 .4 .1 2 c )  ir2 2 Ct ) ~ b2TT22 ( t )  « 0 .
In  o rd e r  to  d e te rm in e  th e  boundary c o n d it io n s  f o r  th e  above e q u a t io n s , 
th e  te rm in a l  c o n d it io n  f o r  th e  o p tim a l v a lu e  fu n c t io n  m ust b e  u se d . F o r 
t h i s  exam ple, th e  te rm in a l  c o n d it io n  i s
(2 .4 .1 3 )  S ( p , t )  = |  (xp- z ) 2 ,
o r ,  w r i t t e n  i n  th e  same form  as  ( 2 .4 .6 ) ,
(2 .4 .1 4 )  S ( p , t )  = ~  kx2 -  kXp z + - |  kz2 .
Upon com paring ( 2 .4 .6 )  to  (2 .4 .1 4 )  i t  i s  c l e a r  t h a t  th e  d e s i r e d  te rm in a l
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c o n d it io n s  f o r  (2 .4 .1 2 )  a r e  g iv en  by
(2 .4 .1 5 )  vn (T) = k , it1 2 (T) = - k  , 7t2 2 (T) = k .
Upon s o lv in g  (2 .4 .1 2 )  s u b je c t  to  (2 .4 .1 5 )  and th e n  s u b s t i t u t i n g  th e  r e s u l t  
b ack  i n to  ( 2 .4 .6 ) ,  th e  g e n e r a l  s o lu t io n  o f  th e  H a m ilto n -Ja co b l e q u a tio n  
i s  g iv e n  by
T  [x exp ( f  ( T - t ) )  “  z e x p ( -  ( T - t ) ) ] 2
( 2 .4 .1 6 )  S =---------- -------- *-----------------------   2--------
^  exp [ - a ( T - t )  ] + s in h ( a ( T - t ) )
As f a r  as im p lem en ta tio n  o f  th e  o p tim a l c o n t r o l  i s  c o n ce rn ed , th e  
e x p re s s io n  f o r  th e  F re c h e t d e r iv a t iv e  (2 .4 .1 0 )  i s  th e  most im p o r ta n t r e ­
s u l t .  Upon u s in g  in t e g r a t i o n  by p a r t s ,  th e  o p tim a l c o n t r o l  law  may be 
w r i t t e n  in  te rm s o f  th e  known s o lu t io n  o f  ( 2 .4 .1 2 )  as
(2 .4 .1 7 )  u * ( p , t )  = -bTr1 1 ( t ) x  -  birl 2 ( t ) z  .
W hile (2 .4 .1 7 )  i s  th e  g e n e ra l  feed b ack  c o n t r o l  law f o r  ( 2 .4 .2 ) ,  th e  
o r i g i n a l  o b je c t iv e  was to  d e te rm in e  th e  g e n e ra l  s o lu t io n  to  th e  open lo o p  
c o n t r o l  problem  f o r  th e  s t o c h a s t i c  system  d e s c r ib e d  by ( 2 .4 .1 ) .  In  o th e r  
w ords, f o r  an a r b i t r a r y  i n i t i a l  d e n s i ty  pQ( . ) ,  th e  g o a l i s  t o  o b ta in  an 
e x p re s s io n  f o r  th e  c o n t r o l  i n  th e  form
(2 ^4 .1 8 ) u * ( t )  *=* u * (p o » t)  .
In  o rd e r  to  o b ta in  su ch  a  s o lu t io n  in  g e n e ra l  i t  would be n e c e s sa ry  to
it
s u b s t i t u t e  (2 .4 .1 7 )  i n t o  ( 2 .4 .2 )  and s o lv e  f o r  th e  o p tim a l t r a j e c t o r y  
in  te rm s  o f  pQ and t .  The o p tim a l c o n t r o l  would th e n  be g iv e n  by
^  A A
(2 .4 .1 9 )  u ( t )  = u (if/ (p Q) , t )  .
For t h i s  exam ple th e  p ro c e d u re  may be s im p l i f ie d  by n o t in g  from  ( 2 .4 .1 7 )  
t h a t  th e  o p tim a l c o n t r o l  depends o n ly  on th e  mean o f  th e  o p tim a l t r a j e c t o r y
20
*
i[> . F u rth e rm o re , upon ta k in g  th e  ex p ec ted  v a lu e  o f  b o th  s id e s  o f  ( 2 .4 .1 ) ,  
th e  mean i s  seen  to  s a t i s f y  th e  o rd in a ry  d i f f e r e n t i a l  e q u a tio n  
dx
( 2 .4 .2 0 )  = ax  + bu ,a t  p
and upon s u b s t i t u t i n g  (2 .4 ,1 7 )  i n to  t h i s  e q u a tio n , 
dx
(2 .4 .2 1 )  = (a -b 2 ir1 1 ( t ) ) x p -  bir1 2 ( t ) z  
s u b je c t  to  th e  i n i t i a l  c o n d it io n
(2 .4 .2 2 )  x = f  Xp (X) dX .P 1 o *o R
Upon s o lv in g  ( 2 .4 .2 1 )  s u b je c t  to  (2 .4 .2 2 )  and s u b s t i t u t i n g  th e  r e s u l t  in
( 2 .4 .1 7 ) ,  th e  o p tim a l c o n t r o l  i s  g iv en  by
[xp e x p (a (T - tQ)] -  z] e x p [ - a ( t - t Q) ]
(2 .4 .2 3 )  u*(p  , t )  = -b  - r - 2 ---------------------------- - ------------------
°  £  e x p [ - a ( T - tQ) )  + — s in h ( a ( T - tQ
2 .5  F o rm u la tio n  o f  Example a s  a  Two P o in t  B oundary-V alue Problem
A lthough  th e  approach  t o  be  used  i n  th e  s e q u e l i s  n o t to  s e e k  an ex­
p l i c i t  s o lu t io n  o f  th e  two p o in t  b o u n d a ry -v a lu e  p rob lem  a s s o c ia te d  w ith  
th e  c a n o n ic a l e q u a tio n s  ( 2 .2 .7 )  and ( 2 .2 .8 ) ,  th e  r e s u l t s  o f  fo rm u la tin g
th e  problem  in  t h i s  way a re  b o th  I n t e r e s t i n g  and u s e f u l .  In  o rd e r  to  pose
th e  two p o in t  b o u n d a ry -v a lu e  problem  f o r  th e  exam ple o f  s e c t io n  2 .4 ,  i t  i s
n e c e s s a ry  to  make a  s l i g h t  e x te n s io n  o f  th e  r e s u l t s  in  s e c t io n  2 .2 .  T h is 
e x te n s io n  i s  n e c e s s i t a t e d  by th e  f a c t  t h a t  th e  c o s t  f u n c t io n a l  o f  ( 2 .4 .3 )  
i s  n o t  a  s p e c i a l  c a se  o f  ( 2 .2 .2 ) .  T h is  d i f f i c u l t y  i s  overcom e by c o n s id ­
e r in g  th e  more g e n e r a l  c o s t  f u n c t io n a l
( 2 . 5 . 1 )  J ( c  ) = +  ZT /  P j t . l r f a . t J . u f t . t ) )  d l  dt  .
Co R
T h is  g e n e r a l iz a t io n  a f f e c t s  o n ly  th e  boundary  c o n d it io n s  o f  th e  H am ilto n - 
J a c o b i  e q u a tio n  and th e  c o s ta t e  e q u a tio n . The re q u ire d  m o d if ic a t io n  fo r  
th e s e  boundary c o n d it io n s  a re
(2.5.2) s(iK.,T)) = L(<K.,T))
( 2 .5 .3 )  W(A,T) = — .
The H am ilto n ian  f o r  th e  exam ple i s  g iv e n  by
( 2 .5 .4 )  Ho (* * ,W * ,t) = f  W* [ - f x  [ (aA + bu(t)) / ( A , t ) ]  +  ~  | ^ |  dX
+ u 2 ( t )  .
C le a r ly  a p p l i c a t io n  o f  ( 2 .2 .7 )  r e s u l t s  in  th e  F o k k er-P lan ck  e q u a tio n  ( 2 .4 .2 ) .
I n  o rd e r  to  im plem ent th e  c o s ta te  e q u a tio n  ( 2 .2 .8 )  how ever, i t  i s  n e c e s -
5H
s a r y  to  o b ta in  an  e x p re s s io n  f o r  . T h is  can  be accom plished  fo rm a lly
by c o n s id e r in g  each  terra  o f  ( 2 .5 .4 )  s e p a r a te ly  and th e n  add in g  th e  s e p a r -
* *a t e  r e s u l t s :  i . e . ,  w r i te  H (ip ,W , t )  aso
( 2 .5 .5 )  Ho (V/*,W*,t) = G l ( / ,W * , t )  + G2(i|i*,W *,t) +  G30|**,W*,t) + G4(i|i*,W*,t)
w here  th e  in d iv id u a l  term 3  a re  d e f in e d  to  be
( 2 .5 .6 a )  G l ( / ,W * , t )  = -  /  W*<A,t) ( a x / ( X , t ) ] j  dX
( 2 .5 .6 b )  G2(i{i*,W*,t) = - b u ( t )  /  W *(A,t) 3*- dx
R 3A
( 2 .5 .6 c )  G 3 ( / ,W * ,t )  = | -  /  W *(X,t) 3 ^ * ^ - dX
R
( 2 .5 .6 c )  G4(rfi*,W*,t) = u2 ( t )  ,
and th e n  u se  th e  l i n e a r i t y  o f  th e  F re c h e t d e r iv a t iv e  to  w r i te
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U sing th e  methods o f  Appendix A, example 3, i t  i s  seen  th a t  
< 2 .5 .8 a ) = aX —
(2 .5 .8 b )  -  b u ( t )  -8W
6\p 3X
(2 .5 .8 c )
dlfi
(2 .5 .8 d )  = 0 .
6 t(i
T h e re fo re , from ( 2 .5 .7 )  and ( 2 .2 .8 ) ,  i t  h as  b een  shown th a t  W (X ,t)  m ust 
s a t i s f y  th e  e q u a tio n
( 2 . 5 . 9 ) ^ £ 1  -  -  (a  +b u ( t ) )  .  | i  aa» * ( > , t )  _
F u rth e rm o re , com paring ( 2 .5 .1 )  to  ( 2 .4 .3 ) ,  i t  i s  seen  t h a t  l (i|) ( .,T )}  i s  
d e f in e d  by
(2 .5 .1 0 )  L f y ( . ,T ) )  = f  ( /  XU.(X,T) -  r(X )] dx) 2
R
and th e r e f o r e  from ( 2 .5 .3 ) ,  th e  r e q u ir e d  te r m in a l  c o n d i t io n  may be  shown 
to  be ( s e e  Appendix A)
(2 .5 .1 1 )  W*(X,T) = kX /  XU»*(X,T) -  r(X )] dX .
R
Now, s u b s t i t u t i n g  (2 .2 .1 8 )  i n to  th e  c a n o n ic a l  e q u a tio n s  ( 2 .4 .2 )  and ( 2 .5 .9 )  
r e s u l t s  i n  th e  fo llo w in g  s e t  o f  co u p led  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s :
W *(X,t) ^
R
(2 .5 .1 2 )  8W “  ( a x A x . t ) )  -  [b 2  /  ^  jx j  ^
. c2  92 jL (X ^ t)




(2.5.13) = -  (aX+b2  /  W *(X ,t) dx)
23
The two p o in t  boundary  v a lu e  p rob lem  I s  th en  to  f in d  a  i|>(f ,T ) ,  w hich 
in  tu r n  d e te rm in e s  W ( , ,T )  from ( 2 .5 .1 1 ) ,  such t h a t  when (2 .5 .1 2 )  and
(2 .5 .1 3 )  a r e  so lv e d  s im u lta n e o u s ly  backw ards in  t im e , th e  r e s u l t i n g  
' i n i t i a l *  c o n d i t io n  i s  i |» ( . , to) = p q ( . ) .
2 .6  Summary
In  t h i s  c h a p te r  th e  o r ig i n a l  s t o c h a s t i c  open lo o p  o p tim a l c o n t r o l  
p roblem  was re fo rm u la te d  as  a  n o n l in e a r  d i s t r i b u t e d  p a ra m e te r  c o n t r o l  
problem  w ith  a  c o n t r o l  c o n s t r a in t .  The maximum p r i n c i p l e  f o r  d i s t r i b u t e d  
p a ra m e te r  sy stem s was th e n  a p p l ie d ,  r e s u l t in g -  in  a  two p o in t  b o u n d a ry -
v a lu e  p roblem  f o r  th e  s e t  o f  c a n o n ic a l e q u a tio n s . The F re c h e t d e r iv a t iv e
o f  th e  o p tim a l v a lu e  fu n c t io n  was seen  to  p la y  th e  r o l e  o f  th e  c o s t a t e  o r
a d jo in t  v a r i a b l e .  A lso  th e  o p tim a l v a lu e  fu n c tio n  was see n  to  s a t i s f y  a
f u n c t io n a l  d i f f e r e n t i a l  e q u a tio n  -  th e  H a m llto n -Ja co b l e q u a tio n . T h is  
e q u a tio n  was th e n  u sed  to  o b ta in  th e  form  o f th e  o p tim a l c o n tro l  law .
To i l l u s t r a t e  th e  f u n c t io n a l  r e l a t i o n s h ip  betw een  th e  d i f f e r e n t  v a r ­
i a b l e s ,  an exam ple was p re s e n te d  f o r  w hich  an a n a l y t i c a l  s o lu t io n  was ob­
ta in e d .  The same exam ple was th e n  fo rm u la te d  as a  two p o in t  b o u n d ary - 
v a lu e  p rob lem , n e c e s s i t a t i n g  th e  d e r iv a t io n  o f  an e q u a tio n  f o r  th e  F re c h e t 
d e r iv a t iv e  o f  th e  o p tim a l v a lu e  f u n c t io n .  The e q u a tio n  w hich was o b ta in e d  
fo rm a lly  i n  s e c t io n  2 .5  i s  a  s p e c ia l  c a se  o f  th e  r e s u l t  o b ta in e d  i n  Ap­
p en d ix  B by  more r ig o ro u s  te c h n iq u e s .
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CHAPTER 3
AN ITERATIVE APPROACH TO THE SOLUTION OF THE HAMITON-JACOBI EQUATION
3 .1  A C o n cep tu a l I t e r a t i v e  P ro ced u re
In  t h i s  s e c t io n  a  c o n c e p tu a l I t e r a t i v e  a lg o r i th m  I s  p re s e n te d  f o r  
o b ta in in g  th e  g e n e ra l  s o lu t io n  o f  th e  H a m ilto n -Ja co b i e q u a tio n  o f  C hap ter 
2 . T h is a lg o r i th m , w hich i s  n o t  lm p lem en tab le  I n  g e n e r a l ,  I s  due to  
M ortensen [ 3 ] .  The b a s i s  o f  th e  a lg o r ith m  I s  th e  co ncep t o f  q u a s i l i n e a r -  
I z a t l o n  [2 1 ] w hich  I s  a  m ethod o f  a p p ro x im a tin g  th e  s o lu t io n  o f  a  non­
l i n e a r  p roblem  by s o lv in g  a  sequence  o f  l i n e a r  p rob lem s. W hile th e  con­
c e p tu a l  p ro c e d u re  p re s e n te d  h e re  does n o t In  i t s e l f  r e p r e s e n t  a  compu­
t a t i o n a l  t o o l ,  i t  i s  th e  f i r s t  s te p  tow ard th e  developm ent o f  a  compu­
t a t i o n a l l y  lm p lem en tab le  a lg o r i th m , w hich w i l l  be  p re s e n te d  I n  th e  
fo llo w in g  s e c t i o n .
The c o s t  f u n c t io n a l  to  be  u sed  h e re  i s  o f  th e  form  o f  e q u a tio n  ( 2 .5 .1 ) ;  
m ore s p e c i f i c a l l y
The o p tim a l v a lu e  f u n c t io n ,  e v a lu a te d  a t  t  and p (* )  can  th e n  be w r i t t e n  










w here u (p ,T ) I s  th e  c o n t r o l  w hich m in im izes J ( t )  s u b je c t  to  th e  bound-
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a r y  c o n d it io n  < K .,t )  “  p (* )*  and <j> ( . , T ; p , t )  i s  th e  c o rre sp o n d in g  o p tim a l 
t r a j e c t o r y  V *(»»T). From ( 3 .1 .2 )  i t  i s  c le a r  t h a t  in  o rd e r to  e v a lu a te
S a t  even  a  s in g le  p o in t  we m ust a lr e a d y  know th e  o p tim a l c o n t r o l .  The 
fo llo w in g  a lg o r i th m , w hich  p ro d u ces  a  sequence  o f  e s t im a te s  o f  th e  o p tim a l 
c o n t r o l  p o l i c y ,  makes u se  o f  a  'a u b o p tlm a l v a lu e  fu n c tio n *  w hich , In  
p r i n c i p l e ,  may be e v a lu a te d  a t  e ach  I t e r a t i o n .  The a lg o r ith m  I s  a s  
fo l lo w s :
S tep  1 : Guess an  I n i t i a l  c o n t r o l  p o l ic y  uo ( p , t ) .  In  o th e r  w ords,
s p e c i f y  uQ( . , . )  a s  a  mapping from  L ^ R ) x  t t 0 »Tl i ® * 1 0  I t  i s  n o t n ec­
e s s a ry  t h a t  th lB  f i r s t  g u e ss  f o r  th e  c o n t r o l  p o l ic y  a c t u a l l y  b e  a  f u n c t io n  
o f  p ;  f o r  exam ple one co u ld  u se  th e  t r i v i a l  c o n t r o l  p o l ic y  uQ( p , t )  » 0 . 
S tep  2 : For a r b i t r a r y  p and t ,  s o lv e  th e  F o k k er-P lan ck  e q u a tio n  w ith
u “  uQ(p ,T ) :  i . e .  s o lv e
EXf- a , T )  a 2 A  (X,T)
( 3 .1 .3 ) -------- — 2 ^ ------------------- [ ( f ( x )  +  buo ( p ,T ) H o a , T ) ]  + f  ----- 2 ------
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w hich I n i t i a l  c o n d it io n  i ^ ( . , t )  = p ( . ) .  The s o lu t io n  I s  to  be  o b ta in e d  on
th e  I n t e r v a l  [ t ,T ]  and  t h i s  s o lu t io n  I s  d e n o ted  by $Q( * ,T ; p , t )  f o r  e v e ry
T e ( t ,T ]  and e v e ry  p a i r  (p ,t)e { L * (R ) x  [ t o ,T ]> .
S tep  3 : D e fin e  a  ’ su b o p tim a l v a lu e  fu n c tio n *  to  be
T
( 3 .1 .4 )  "  U t 0 ( - .T ; p , t ) >  +  j  J  V(X,T)<{>o ( l ,T i p , t ) d l d T  +
t  R
T
2 \  uo ^ 0 < * » T ;p ,t) ,T )d T .
t
N ote t h a t  i s  e s s e n t i a l l y  th e  o p tim a l v a lu e  fu n c t io n  w ith  th e  o p tim a l 
t r a j e c t o r y  re p la c e d  by th e  t r a j e c t o r y  o b ta in e d  by em ploying th e  c o n t r o l  
p o l ic y  uQ( p , t ) .  I t  sh o u ld  a l s o  b e  n o te d  t h a t  th e  c o n t r o l  c o s t  com puta­
t i o n  i s  b a sed  on th e  c o n t r o l  p o l ic y  uq e v a lu a te d  a lo n g  th e  a c tu a l  t r a ­
j e c t o r y .  Thus th e  c o n t r o l  c o s t  i s  n o t  th e  c o s t  a s s o c ia te d  w ith  th e  
c o n t r o l  w hich was a c tu a l ly  u sed  i n  ( 3 .1 .3 ) .
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S in ce  S ^ ( p , t )  c a n , In  p r i n c i p l e ,  be e v a lu a te d  £o r each  p a i r  (p » £ ) , 
i t  i s  m ean in g fu l to  c o n s id e r  t h a t  th e  F re c h e t d e r iv a t lv e o f  S^ co u ld  be 
computed f o r  each  p and t .  We th e r e f o r e  d e f in e  th e  n e x t I t e r a t e  f o r  th e  
c o n t r o l  p o l ic y  to  be
( 3 .1 .5 )  u ^ p . t )  -  b j  - j j   g d X
R
w hich  i s  o f  c o u rs e ,  m o tiv a te d  by th e  known form  o f  th e  o p tim a l c o n t r o l  
p o l ic y  ( 2 .2 .1 8 ) .  T h is  co m ple tes  one i t e r a t i o n .
S t e p '4 : As i n  s te p  2 , s o lv e  th e  F o k k er-P lan ck  e q u a t io n ,  b u t now s e t
u(T ) * u^(<fo ( .  , T ; p , t ) , )  f o r  a l l  T e [ t ,T ] .  For a  p a i r  ( p , t ) ,  d en o te  th e
s o lu t io n  o f  t h i s  e q u a tio n  by <f>^ (. , T j p , t ) .
S tep  5 : D e fin e  a  new su b o p tim a l v a lu e  f u n c t io n  to  be
T
( 3 .1 .6 )  S2 ( p , t )  -  L (^ 1 ( . , T ; p , t ) )  +  j j V (A ,T )* ^ ! ,T ;p ,t)d A d T
t  R
T
+  2  |  u l 2 <‘frl<-»TiP * t >»T>dT»
and l e t  th e  u e x t  c o n t r o l  p o l ic y  i t e r a t e  be g iv e n  by
f  s s 2 < P , t )  dp
( 3 .1 .7 )  u2 ( p , t )  -  b j  g  dX.
R
S tep  6 ; U sing th e  p o l ic y  u 2 ( p , t )  r e p e a t  s te p s  4 and 5 to  o b ta in  
u ^ ( p , t ) .  The i t e r a t i o n  fo rm u la  f o r  th e  n  th  s te p  i s
( 3 .1 .8 )  "  L(4»n ( . , T i p , t ) )  + 1 * j  V(X,T)0n (X ,T ;p ,t)dX dT
t  R
f+ j j  un 2 (4-n ( . ,T ; p , t ) ,T ) d T ,
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C3.1.9) V l (p ,t )  -  b J   i t  d».
R
w here $n ( . , T j p , t )  r e p r e s e n ts  th e  s o lu t io n  o f
M t t . T )  2 a V a , T )
(3 .1 .1 0 )  — -----  m ~ j x  + b u n ( T ) ^ ( X ,T ) ]  +  §   H_-----
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w here un (T) “  ,T ;p t t ) ,T )  and s u b je c t  to  th e  boundary  c o n d it io n s
(3 .1 .1 1 )  *n ( . , t )  -  p ( . )  .
The l im i t  o f  t h e i . i t e r a t i o n s , i f  i t  e x i s t s ,  i s  d en o ted  by
(3 .1 .1 2 )  u * ( p , t )  “ 11m u ( p , t )
n-H» n
A
an d , s im i l a r ly ,  l e t t i n g  <f> ( . , T ; p , t )  d e n o te  th e  l i m i t  o f  th e  s o lu t io n  o f
( 3 .1 .1 0 ) ,  th e  open loop  c o n t r o l  f o r  an  i n i t i a l  d e n s i ty  o f  PQ(*) 
i s  th e r e f o r e  g iv e n  by
(3 .1 .1 3 )  u*(T ) = u* (< |.* (.,T ;po , t o ) ,T )  .
A lthough , a s  was in d ic a te d  e a r l i e r ,  th e  a lg o r i th m  j u s t  p re s e n te d  
i s  n o t  c o m p u ta tio n a lly  f e a s i b l e ,  i t  i s  o f  I n t e r e s t  t o  exam ine t h i s  
a s p e c t  o f  th e  p ro c e d u re  m ore c lo s e ly .  In  t h i s  re g a rd  we f i r s t  in v e s t ­
i g a t e  th e  c o m p u ta tio n a l re q u ire m e n ts  f o r  th e  g e n e r a t io n  o f  S ^ ^ ( p , t )  
f o r  a  p a r t i c u l a r  p a i r  ( p , t ) .  F ig u re  3 .1 .1  i l l u s t r a t e s  t h i s  p ro c e d u re  
means o f  a  b lo c k  d iag ram . The b lo c k  d iagram  sh o u ld  be th o u g h t o f  a s  th e  
g e n e r a l iz a t io n  o f an  an a lo g  com puter d iagram  to  th e  i n f i n i t e  d im e n s io n a l 
c a s e .  The p ro c e s s  b e g in s  a t  tim e  T “  t  and c o n tin u e s  u n t i l  T ■ T a t  
w hich tim e sn+^ ( p , t )  i s  a v a i l a b l e .  Thus sn [ ^ (p »Q  c a n  be e v a lu a te d  w ith  
a  m odera te  c o m p u ta tio n a l e f f o r t  f o r  a  s in g l e  p o in t  ( p , t ) .  From a  compu­
t a t i o n a l  v ie w p o in t th e  m ost fo r m id ib le  t a s k  i s  o b ta in in g  th e  s o lu t io n  o f 
th e  F o k k er-P lan ck  e q u a tio n .
F. P . EQN. 
(3 .1 .1 0 )
FIGURE 3 .1 .1  : G enera tion  o f S . , ( P j t )
to03
A lthough  Sn + 1  ( . , . )  can  be  e v a lu a te d  w ith  r e l a t i v e  e a s e , th e  p rob lem  
o f  f in d in g  I t s  F re c h e t  d e r iv a t iv e  I s  n e v e r th e le s s  n o n t r i v i a l .  U n less  
one c an  o b ta in  an  a n a l y t i c a l  .e x p re ss io n  f o r  Sn+^ ( p , t ) ,  w hich I s  n o t  to  
be  e x p ec te d  I n  g e n e r a l ,  i t  may b e  n e c e s sa ry  to  employ a  m ethod such  a s  
p e r tu r b a t io n  to  ap p ro x im a te  th e  F re c h e t d e r iv a t iv e .  Such m ethods r e q u i r e  
numerous e v a lu a t io n s  o f  a t  p o in ts  In  a  ne ighborhood  o f  th e  p o in t  p ,
w here  th e  F re c h e t d e r iv a t iv e  i s  b e in g  ta k e n . F u rth e rm o re , ex am in a tio n  
o f  e q u a tio n  ( 3 .1 .9 )  r e v e a ls  th e  f a c t  t h a t  th e  d e r iv a t iv e  m ust b e  e v a lu ­
a te d  a t  each  p o ln g  (p ,t)e { L ^ (R ) x  [ t ,T ] }  I f  th e  c o n t r o l  p o l ic y  1 b to  be  
co m p le te ly  d e f in e d . Thus th e  c o m p u ta tio n a l e f f o r t  r e q u ir e d  f o r  th e  
e v a lu a t io n  o f  S ^ j ^ . , . )  a t  one p o in t  m ust b e  r e p e a te d  f o r  each  p o in t  i n  
L * (r)  x [ t Q,T ] ,  w hich i s  c l e a r l y  n o t  f e a s i b l e .  Even I f  d i s c r e t i z a t i o n  
i s  u s e d , i t  i s  n o t  p o s s ib le  to  red u ce  th e  number o f  p o in ts  a t  w hich th e  
d e r iv a t iv e  i s  com puted to  a  re a s o n a b le  num ber, and s t i l l  g e t  a  re a s o n a b le  
r e p r e s e n ta t io n  o f  th e  d e r iv a t iv e  ov er th e  e n t i r e  dom ain.
I f  we c o n s id e r  th e  f a c t  t h a t  p ( . )  i s  p la y in g  th e  r o l e  o f  a  p ro b ­
a b i l i t y  d e n s i ty  fu n c t io n ,  th e n  i t  m igh t seem p la u s ib le  t h a t  one cou ld  
r e s t r i c t  a t t e n t i o n  to  th e  s e t  o f  d e n s i ty  fu n c t io n s  in  L * (R ). From ( 3 .1 .9 )  
i t  i s  s e e n  th a t  th e  c o n t r o l  p o l ic y  I t e r a t e s  a r e  F re c h e t d i f f e r e n t i a l s  
o f  th e  su b o p tim a l v a lu e  fu n c t io n  I n  th e  d i r e c t i o n  S in c e  j ^  dX ■ 0
i f  p ( . )  i s  s u f f i c i e n t l y  n ic e  (v a n ish e s  a t  ±°°), th e  d i f f e r e n t i a l  may be  
ap p rox im ated  by th e  r e l a t i o n
r dD
(3 .1 .1 4 )  b j  — ^  dX ------------------- 1---------------------
R
f o r  s m a ll  e .  I f  th e  e v a lu a t io n  o f  Sn+^ i s  to  be r e s t r i c t e d  to  d e n s i ty  
f u n c t io n s ,  how ever, c a r e  m ust b e  ta k e n  to  choose  c so  t h a t  th e  fu n c t io n  
p(A) +  e ^  I s  p o s i t i v e ;  i . e .  th e  req u ire m e n t i s  t h a t  th e r e  e x i s t  a
sm a ll p o s i t i v e  e su ch  th a t
( 3 .1 .1 5 )  p(A)> -  e ^  VAeR.
One co u ld  th e r e f o r e  r e s t r i c t  a t t e n t i o n  to  a l l  d e n s i t i e s  p t h a t  s a t i s f y
( 3 .1 .1 5 ) ,  a lth o u g h  t h i s  would ap p ea r to  be a  r a t h e r  s t r i n g e n t  re q u ire m e n t 
s in c e  n o t  even  G aussian  d e n s i t i e s  s a t i s f y  t h i s  c o n d i t io n .  Even I f  t h i s  
r e s t r i c t i o n  i s  e n fo rc e d  how ever th e  c o m p u ta tio n a l e f f o r t  r e q u i r e d  to  
com pute sn+^ ( P f t ) f ° r  a l l  such  d e n s i t i e s  would s t i l l  be  p r o h i b i t i v e .
I t  sh o u ld  b e  em phasized th a t  I f  t h i s  a lg o r i th m  c o u ld  b e  Im plem ented , 
th e  s o lu t io n  o b ta in e d  i s  th e  g e n e ra l  s o lu t io n  f o r  th e  open lo o p  c o n tro l  
p rob lem . In  term s o f th e  two p o in t  b o u n d a ry -v a lu e  p roblem  posed  in  s e c ­
t i o n  2 .5 ,  th e  s o lu t io n  o b ta in e d  h e re  would c o rre sp o n d  to  a  s o lu t io n  to  
th e  two p o in t  b o u n d a ry -v a lu e  p rob lem  f o r  a r b i t r a r y  i n i t i a l  d e n s i ty  p q ( . ) .  
I n  th e  n e x t s e c t io n  i t  w i l l  be  see n  how th e  a lg o r i th m  can b e  s im p l i f ie d  
when th e  re q u ire m e n ts  on th e  g e n e r a l i t y  o f th e  s o lu t io n  a r e  red u ced .
3 .2  An lm p lem en tab le  I t e r a t i v e  P ro ced u re  [23]
C o n sid er now th e  s i t u a t i o n  w here th e  open lo o p  o p tim a l c o n t r o l  i s  
so u g h t f o r  a  p a r t i c u l a r  i n i t i a l  d e n s i ty  fu n c t io n  p Q( . ) .  The app roach  to  
b e  used  h e r e  I s  d e v e lo p in g  an  a lg o r ith m  f o r  th e  s o lu t io n  o f  t h i s  prob lem  
I s  to  exam ine th e  a lg o r i th m  In  th e  p re v io u s  s e c t io n  and d e te rm in e  w hat 
s im p l i f i c a t i o n s  may b e  made as a  r e s u l t  o f th e  r e d u c t io n  i n  th e  r e q u ire d  
g e n e r a l i t y  o f  th e  s o l u t i o n .  In  c o n s id e r in g  t h i s  p roblem  i t  i s  h e lp f u l  
to  c o n s id e r  th e  im p l ic a t io n s  o f  c e r t a i n  a ssu m p tio n s  w ith  r e g a rd  to  th e  
tw o p o in t  b o u n d a ry -v a lu e  problem  o f  s e c t io n  2 .5 .  In  p a r t i c u l a r  th e  
c o s t a t e  v a r i a b l e  o f  e q u a tio n  ( 2 .2 .8 )  may be  ta k e n  to  be  th e  F re c h e t 
d e r iv a t iv e  o f  a  m o d ified  su b o p tim a l v a lu e  f u n c t io n  when in te r p r e t e d  in  
a n  a p p ro p r ia te  way. I n  o th e r  w o rd s , i t  w i l l  b e  shown t h a t  by making
a p p r o p r ia te  s im p l i f i c a t io n s  In  th e  p re c e e d ln g  a lg o r i th m , th e  p ro c e d u re
re d u c es  to  a  p a r t i c u l a r  form  o f th e  two p o in t  b o u n d a ry -v a lu e  p rob lem .
The d e s i r e d  m o d if ic a t io n  o f  th e  I t e r a t i v e  p ro c e d u re  I s  d e te rm in ed
by d e f in in g  a  m o d ified  su b o p tim a l v a lu e  f u n c t io n  to  be
T




1  j n (T)dT.
The d i f f e r e n c e  betw een ( 3 .2 .1 )  and ( 3 .1 .8 )  l i e s  i n  th e  c o n t r o l  energ y  
te rm . In  ( 3 .2 .1 )  th e  c o n t r o l  I s  c o n s id e re d  to  b e  s im p ly  a  f u n c t io n  o f 
tim e , w hereas in  ( 3 .1 .8 )  th e  c o n t r o l  I s  i n  th e  form  o f  a  c o n t r o l  p o l ic y  
b e in g  e v a lu a te d  a lo n g  a  p a r t i c u l a r  t r a j e c t o r y .
The I t e r a t i o n  fo rm u la  f o r  th e  c o n t r o l  i s
3 *nW >t )
6 p 3A dX
w here i^ n ( * .T ) r e p r e s e n ts  th e  s o lu t io n  o f  th e  F oklcer-P lanck  e q u a tio n  w ith
u(T) » u^(T ) and s u b je c t  to  th e  i n i t i a l  c o n d it io n  • > tQ) = p Q( . ) .  A lso
th e  c o m p u ta tio n a l e f f o r t  I s  reduced  c o n s id e ra b ly  by  s p e c i fy in g  t h a t  
« sJ+i ( P , t )
 —--------- be e v a lu a te d  a lo n g  th e  t r a j e c t o r y  ^n ( A , t ) , th u s  m aking ( . )
in d e p en d e n t o f  p .  T h e re fo re  ( 3 .2 .2 )  r e p r e s e n ts  a  s p e c i f i c a t i o n  o f  ( . )
a s  a  fu n c t io n  o f  tim e  w hich  I s  d e te rm in ed  from  th e  i n i t i a l  d e n s i ty  pQ(>) 
and th e  p re v io u s  c o n t r o l  i t e r a t e  uQ( . ) .
C le a r ly  th e  m ajo r c o m p u ta tio n a l t a s k  a s s o c ia te d  w ith  th e  im plem ent­
a t io n  o f  t h i s  a lg o r ith m  i s  th e  e v a lu a t io n  o f  th e  F re c h e t  d e r iv a t iv e  a lo n g  
th e  p re v io u s  t r a j e c t o r y .  S in ce  th e  d e r iv a t iv e  i s  b e in g  e v a lu a te d  o n ly  a t
p o in ts  on a  p a r t i c u l a r  t r a j e c t o r y ,  how ever, i t  i s  p o s s ib le  to  f in d  a
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p a r t i a l  d i f f e r e n t i a l  e q u a tio n  s a t i s f i e d  b y  -■ ■ ■ . A fo rm a l d e r ­
iv a t i o n  i s  p re s e n te d  h e r e .  See A ppendix B f o r  a  more r ig o ro u s  t r e a tm e n t .
F i r s t  we n o te  t h a t  S^+^ ( p , t )  a s  d e f in e d  i n  ( 3 .2 .1 )  i s  th e  o p tim a l 
v a lu e  fu n c t io n  f o r  a  c o s t  f u n c t io n a l  o f  th e  form
( 3 .2 .3 )  J 1 ^ )  -  L O K -.T ))  +  ^  J  V(A,TH(A,T)dAdT +  f  J  u 2 (T)dT
t  R to o
w here  th e  o p t im iz a t io n  i s  to  be done w ith  r e s p e c t  to  th e  c o n t r o l  fu n c t io n
u ( . ) »  and th e  s e t  o f  a d m is s ib le  c o n t r o ls  i s  th e  s in g le to n  s e t  {u ( . ) } .n
The sy stem  e q u a tio n  i s  th e  F o k k e r-P lan ck  e q u a tio n  ( 2 .1 .1 ) .  A lthough  th e  
o p t im iz a t io n  i s  c l e a r l y  s u p e r f i c i a l ,  we may p ro ceed  fo rm a lly  t o  o b ta in  
th e  a d jo in t  e q u a tio n  s a t i s f i e d  by th e  F re c h e t  d e r iv a t iv e  o f  th e  o p tim a l 
v a lu e  fu n c t io n  S^+ 1 ( p , t ) .  To t h i s  en d , th e  o p tim a l v a lu e  o f  th e  H am il- 
to n lo n  i s  g iv e n  by  th e  e x p re s s io n
( 3 .2 .4 )  Ho G{.,W,t) -  j  [W(A,t> t ( * , u n ) +  V (A ,t) (A ,t) ]d *  +  \  u 2 ( t )
R
w here ^  i s  th e  s p a t i a l  d i f f e r e n t i a l  o p e ra to r  (2 .2 .1 4 )  a s s o c ia te d  w ith  
th e  F o k k e r-P lan ck  e q u a tio n  and W (A,t) i s  th e  F re c h e t d e r iv a t iv e
<f£uCp.t>
( 3 .2 .5 )  W ( X .t ) ---------------------
e v a lu a te d  a lo n g  th e  'o p tim a l*  t r a j e c t o r y  ^n (*»T ). A p p lic a t io n  o f  th e  
maximum p r i n c i p l e  th e n  g iv e s  th e  r e s u l t  t h a t  W (A,t) s a t i s f i e s  th e  a d jo in t  
e q u a tio n
„  ,  M awq.t) _ _
P erfo rm in g  th e  d e s ig n a te d  d i f f e r e n t i a t i o n ,  ( 3 .2 .6 )  y i e ld s
( 3 .2 .7 )  3W^ | t ?  -  -  ^ * (W ,u n ) -  V (A ,t)
w here , w hich I s  th e  fo rm a l a d j o i n t  o f  th e  o p e ra to r  , i s  d e f in e d  by 
( s e e  s e c t io n  2 .5 )
■£ (W,u) -  ( f ( A , t )  +  b u ( t)>
The te rm in a l  c o n d it io n  f o r  ( 3 .2 .7 )  I s
( 3 .2 .9 )  W(x»T) -
5L(^n ( . ,T ) )
n
I n  view  o f t h i s  r e s u l t » th e  m o d if ie d  a lg o r ith m  f o r  th e  s o lu t io n  o f 
th e  H a m llto n -Ja co b l e q u a tio n  i s  s e e n  to  be e q u iv a le n t  to  a  s u c c e s s iv e  
sweep a lg o r i th m  f o r  s o lv in g  a  two p o in t  b o u n d ary -v a lu e  p roblem  f o r  th e  
c a n o n ic a l  e q u a tio n s  ( 2 .2 .7 )  and ( 2 .2 .8 ) .  S ta te d  i n  te rm s  o f  th e  two 
p o in t  boundary  v a lu e  p rob lem , th e  m o d if ie d  a lg o r ith m  i s  a s  fo llo w s :
S tep  1 ; Guess an i n i t i a l  c o n t r o l  f u n c t io n  uQ( . )  and s o lv e  th e  F o k k er- 
P la n c k  e q u a tio n  w ith  u  = uq s u b je c t  to  th e  i n i t i a l  c o n d i t io n  ty(. » t0 ) “P0 ( . )  • 
D enote t h i s  s o lu t io n  by tJ>0 ( . , T ) .
S tep  2 : From th e  te rm in a l  c o n d it io n
s o lv e  th e  a d jo in t  e q u a tio n  ( 3 .2 .7 )  backw ard in  tim e  fro m  T to  t Q. D enote 
t h i s  s o lu t io n  by WQ( l , t ) .
S tep  3 : Compute th e  new c o n t r o l  u ^ ( . )  from  th e  i t e r a t i o n  fo rm ula
R
T h is  co m p le tes  one i t e r a t i v e  s t e p .  The p ro c e ss  i s  th e n  re p e a te d  w ith  uQ 
re p la c e d  by u ^ . The g e n e r a l  i t e r a t i o n  fo rm u la  i s  g iv e n  by
(3 .2 .1 0 )  W(A,T) -
6 L (^o ( . ,T ) )
o
(3 .2 .1 1 )  u x ( t )  -  b I Wo (A ,t)  — ^  dX.
34
t a*n (A , t )
(3 .2 .1 2 )  ^ ( t )  -  b I Wn (X ,t)  — 2 ~  dX.
R
In  v iew  o f  th e  p re c e d in g  r e s u l t s ,  th e  q u e s t io n  n a tu r a l l y  a r i s e s  as 
t o  w h e th e r I t  m ight b e  p o s s ib le  to  m a in ta in  th e  fu n c t io n a l  dependence o f  
th e  c o n t r o l  on th e  s t a t e  t r a j e c t o r y  w ith o u t making th e  r e s u l t i n g  a lg o r ­
ith m  c o m p u ta tio n a lly  u n r e a l i z a b le .  In  t h i s  r e g a r d ,  I t  sh o u ld  b e  n o ted  
th a t  In  o r d e r  to  g e t  a  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  f o r  th e  F re c h e t  
d e r iv a t iv e  o f  it; wae n e c e s s a ry  to  r e s t r i c t  a t t e n t i o n  to  a
p a r t i c u l a r  s t a t e  t r a j e c t o r y .  T h is  s t a t e  t r a j e c t o r y  was s p e c i f i e d  in ­
d i r e c t l y  by s p e c ify in g  a  c o n t r o l  f u n c t io n .  E xam ination  o f  ( 3 .1 .8 )  r e ­
v e a ls  th e  f a c t  t h a t  th e  c o n t r o l  u sed  i n  th e  e v a lu a t io n  o f  th e  c o n t r o l  
c o s t  te rm  d oes n o t co rre sp o n d  to  th e  c o n t r o l  u sed  to  g e n e ra te  th e  s o lu t io n  
<tn ( .  , T ; p , t ) , o f  th e  F o k k er-P lan ck  e q u a tio n . Thus th e r e  i s  no o p tim a l 
c o n t r o l  p rob lem  f o r  w hich *n  (3»1»8) 1b th e  o p tim a l v a lu e  func­
t i o n ,  so  th e  method u sed  to  o b ta in  ( 3 .2 .7 )  can n o t be  u sed  in  t h i s  c a s e .
3 .3  An A n a ly t ic a l  A p p lic a t io n  o f  th e  A lg o rith m  [24]
In  t h i s  s e c t io n  I t  w i l l  b e  shown t h a t  f o r  th e  exam ple o f  s e c t io n
2 .4  th e  c o n t r o l  I t e r a t e s  g e n e ra te d  by th e  above a lg o r i th m  co nverges to  
th e  known o p tim a l c o n t r o l .  The o p tim a l c o n t r o l  f o r  t h i s  exam ple was 
o b ta in e d  I n  s e c t io n  2 .4  by f in d in g  a  g e n e r a l  s o lu t io n  o f  th e  H am llto n - 
J a c o b i e q u a tio n .
The sy stem  e q u a tio n  I s  g iv e n  by
( 3 .3 .1 )  -  -  I j f  HaX +  b u ( t » K X , t ) 3  + f 2
3A
w ith  s p e c i f i e d  I n i t i a l  c o n d i t io n
( 3 .3 .2 )  * ( . , t o) -  Pc ( . )  •
The a s s o c ia te d  c o s t  f u n c t io n a l  I s  g iv e n  by
T
( 3 .3 .3 )  J ( t o) ■* | (  |  A[if.(A,T) -  r(A )]dA ) 2  +  J  u 2 (T )dT.
R
For n o t a t l o n a l  co n v en ien ce  th e  fo llo w in g  d e f in i t i o n s  a r e  made;
( 3 .3 .4 )  i|»n (A ,T ip f t )  -  s o lu t io n  to  ( 3 .3 .1 )  a t  tim e  T e [ t ,T ]  s u b je c t
t o  th e  I n i t i a l  c o n d i t io n  p a t  tim e  t  > t  under— o
th e  c o n t r o l  u _ ( . ) .n
( 3 .3 .5 )  in ( T ,p , t )  « [x^ (A ,T ;p ,t)d A  -  th e  f i r s t  moment o f  ij* abou tn  j  n  n
R
t h e  o r ig in  In  th e  s t a t e  sp a c e  o f  th e  p ro c e s s .
S p e c ia l iz in g  th e  d e f i n i t i o n  o f  S^f.1 ( . t . )  ( 3 .2 .1 )  to  t h i s  p ro b lem , i t  can
c l e a r l y  be w r i t t e n  as
T
( 3 .3 .6 )  S^f l ( p , t )  -  |  tmn ( T , p , t ) - z ] 2  +  |  J  u 2 (T)dT .
t
Now c o n s id e r  a  f ix e d  t ^ e [ t o »T] and l e t  w r i t t e n  a s
S^+^ (p ) .  A lso  th e  F re c h e t  d i f f e r e n t i a l  o f  ( . )  a t  p e L^(R) in  th e  
d i r e c t i o n  <f>cL^(R) i s  d e n o te d  by F ^ ^ C p , <f>). I t  I s  assumed h e re  t h a t  th e  
F re c h e t d e r iv a t iv e  V i  ( p , . )  e x i s t s  a t  a l l  p and t h a t  i t  has an  i n t e g r a l  
r e p r e s e n ta t io n ;  i . e .  f o r  <J>eL (^R) th e  d i f f e r e n t i a l  can be w r i t t e n  as
( 3 .3 .7 )  Fn+l (p,<|,) “  J  .
R
In  p a r t i c u l a r ,  i f  F^( ^ ( p , . )  i s  a  bounded l i n e a r  f u n c t io n a l ,  th e n  such  a  
r e p r e s e n ta t io n  i s  known t o  e x i s t  [25] and . )  i s  an  e lem en t o f  th e
d u a l . space  (R) .
S in ce  th e  app roach  t o  be  u sed  h e re  i s  th e  method o f  p e r tu r b a t io n s ,
i t  i s  e s s e n t i a l  to  b e  a b le  to  o b ta in  an a p p ro x im a tio n  o f  th e  F re c h e t
d i f f e r e n t i a l  *n term a o f  e v a lu a t io n s  o f  ( . ) .  U sing th e
d e f i n i t i o n  o f  F re c h e t d e r iv a t iv e ,
( 3 .3 .8 )  Fn+ 1 <P»*> "  “  Sn + l(p ) +  *<*•♦>
w here Y ( p , . )  i s  a  f u n c t io n a l  s a t i s f y i n g
( 3 .3 .9 )  1 1 .  0 .
Ikll-o 11*11
*t
w ith  1 1 . II d e n o tin g  th e  norm in  L (R ).
Assuming t h a t  gp (^ ( . ) i s  c o n tin u o u s , a  s ta n d a rd  mean v a lu e  theorem
y ie ld s  th e  r e s u l t  t h a t  f o r  any A ^R  and any e>0 th e r e  i s  a  A*(e) i n  th e
in t e r v a l  [A^ -  e ,  A  ^ + e] w i th  th e  p ro p e r ty  t h a t
Ai + e
(3 .3 .1 0 )
8 n + ia H (A )d X  "  gn + l(Xl (E )) \  HX)dX '  
A^-e A^-e
For th e  g iv e n  A^e R l e t  th e  'p e r t u r b a t i o n '  f u n c t io n  $ b e  d e f in e d  to  be  
th e  t r i a n g u l a r  f u n c t io n  <fu d e sc r ib e d  by
h
(3 .3 .1 1 a )  (A) -  0 f o r  A £ [A ^ e .A j+ e ]
(3 .3 .1 1 b )  <frx (A) -  (A-AL) +  6  f o r  ^1 ~e<A<A1
(3 .3 .1 1 c )  <^x (A) -  -  7  (X-Xj) +  6  f o r  Aj^A^Aj+e
N ote t h a t  6  r e p r e s e n ts  th e  h e ig h t  o f  4>1 . A lso , th e  norm o f  <{>.. i s  e a s i l y
1  X1
see n  to  be  g iv e n  by
Then, from  ( 3 .3 .7 )  and ( 3 .3 .1 0 ) ,
(3 .3 .1 3 )  ) -  |  & 1  <*> ♦ , < * > «
R 1
■ 4u a i ( c ) )  j
■ C l01! 1*”  ■ V
S in ce  i s  assum ed to  be c o n tin u o u s , and X ^(e)e  [A ^-e,X ^+ e], i t
i s  s e e n  from  (3 .3 .1 2 )  t h a t  g£+^ (X^) may be  approx im ated  a s  c lo s e ly  a s  
d e s i r e d  by s e l e c t i n g  e to  b e  s m a ll .  T h is  ap p ro x im a tio n  i s
( 3 .3 .1 4 )  g j + 1  W l) -  M f ^ f r . * ^ )  .
Now, u s in g  ( 3 .3 .6 ) ,  ( 3 .3 .8 )  and ( 3 .3 .1 4 ) ,  8 ^ .^  (X^) can  b e  w r i t t e n  a s
(3 .3 .1 5 ) gP+1 a x) -  1 d>Xi | J1 f t V ^ p + ^ ’V  -  “n<T. p . V 3
[mn ( T ,p + ^  . t ^  +  mn ( T ,p , t 1) -  2z] + 0 ( | |( |> x | |)  
1  1
w here z i s  d e f in e d  by ( 2 .4 .8 ) .
From th e  l i n e a r i t y  o f  th e  F o k k er-P lan ck  e q u a tio n  1-t fo llo w s  t h a t
(3 .3 .1 6 )  mn (T ,p+$A , t x) «= mn ( T , p , t 1) + i n ^ T , ^  , t j )
T hus, upon s e t t i n g  T ■= T? e q u a tio n  (3 .3 .1 5 )  becomes
« - i
( 3 .3 .1 7 )  S n + i^ i^  “  ^  kmn^T,<,>X1 , t l 3 ’ “  2
+ I “n (T ,\ , t 1) } +  0 ( li+ x
w here th e  l i n e a r i t y  o f  mQ( T , . , t ^ )  h as  been  e x p lo i te d .
The a lg o r i th m  g iv e n  in  s e c t io n  3 .2  w i l l  now b e  employed to  d e t e r ­
m ine uQ( t )  f o r  n  c  1 , 2 , 3 , . . . .  and t  e [0 ,T ] ,
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U sing  th e  'm a s s -p re s e rv in g 1 p ro p e r ty  o f  th e  F o k k e r-P lan ck  e q u a tio n  
and em ploying in t e g r a t i o n  by p a r t s ,  i t  can  b e  shown th a t  m ^ T . e , ^ )
s a t i s f i e s  th e  o rd in a ry  d i f f e r e n t i a l  e q u a tio n
( 3 .3 .1 8 )  "  a  nn < T ,e , tx) + b  | | 0 | | u n <T).
2 -1  T h is  r e s u l t  i s  p r e d ic a te d  on th e  assu m p tio n  th a t  A ^  and At|*n  a r e  0(A ) .
The ' I n i t i a l '  c o n d i t io n  f o r  (3 .3 .1 8 )  i s  mn ( t x , 0 , t j )  ■ j 0(A)dA, and th e
R
e q u a tio n  d e s c r ib e s  th e  e v o lu t io n  o f th e  f i r s t  moment o f  ^ , T) g iv e n
t h a t  ^ ( . . t ^ )  “  0 . The s o lu t io n  o f  ( 3 .3 .1 8 )  I s  g iv e n  by
( 3 .3 .1 9 )  mn ( T , 0 , t 1) e a(T" t l ) +  | | 6 | | I n ( T , t j )
w here I n ( T , t x) i s  d e f in e d  by
fT(3 .3 .2 0 )  I  ( T , t . )  = b ea ( T - t ) un  -L j n
C 1
Now r e c a l l i n g  th a t  i n  th e  a lg o r i th m  o f  s e c t io n  3 .2  a t t e n t i o n  i s  r e s t r i c t e d  
t o  th o s e  p 's  a lo n g  th e  t r a j e c t o r y  ^n ( . , T ) f i t  i s  o b se rv ed  th a t
(3 .3 .2 1 )  mn (T ,p t t 1) » mn (T ,p o ,0 ) .
S u b s t i tu t i o n  o f  (3 .3 .2 1 )  and (3 .3 .1 9 )  (w ith  T ■ T) i n to  (3 .3 .1 7 )  y ie ld s
(3 .3 .2 2 )  g ^ C A p  = | 1 ^ 1  f 1  k  m ,< V  W  +  I 1 * ^1  I V 1 ^
{mn (T ,p o ' 0 ) “  z +  1  “ n ^ ^ A ^ l ^  +  °< M *A ll>
-  H “n <t i ’ <t‘A1 / I K 1 I I* t i )
{mn (T fp o ,0 )  -  2  + - |® n (T , +A1 , t 1)}  + 0 < IU A il l ) *
L e t t in g  | |<J> | | •+ 0 in  (3 .3 .2 2 )  r e s u l t s  in
A 1
39
(3 .3 .2 3 )  gJ+ 1 ( V  -  +  I ^ T , ^ )  }• {mn (T ,p o ,0 )  -  z } .
Upon m aking th e  d e f i n i t i o n s
(3 .3 .2 4 )  Kn  -  k(mn (T ,p o ,0 )  -  z) e aT ,
(3 .3 .2 5 )  Cn -  k(mn (T ,p o ,0 )  -  z ) t
e q u a tio n  (3 .3 .2 3 )  can be  w r i t t e n  i n  th e  s im p l i f ie d  form
(3 .3 .2 6 )  » Kn  e " a t l  +  Cn .
U sing ( 3 .3 .2 3 )  and ( 3 .3 .7 )  i n  th e  i t e r a t i o n  fo rm u la  (3 * 2 .1 2 ) ,  i n t e g r a t i o n  
by p a r t s  r e s u l t s  in
(3 .3 .2 7 )  un+1 ( t )  » -bKn e“ a t .
T hus, th e  s u c c e s s iv e  c o n t r o l  i t e r a t e s  a r e  e s s e n t i a l l y  d e te rm in ed  by  th e  
te rm in a l mean d is c r e p e n c ie s  mn (T ,p o , 0 ) -  z.
Now, in t e g r a t i n g  (3 .3 .1 8 )  (w ith  0 = p Q, t ^  ■ 0) from  0 to  T w ith  
un+^ as  d e te rm in ed  by (3 .3 .2 7 )  y ie ld s
(3 .3 .2 8 )  ®n+ 1 (T ,Po .0 )  -  eaTxo + * £  eaT(e _2aT -  l)K n .
E q u a tio n s  ( 3 .3 .2 8 )  and (3 .3 .2 6 )  can  bhen b e  combined t o  g iv e  th e  r e c u r ­
re n c e  r e l a t i o n
(3 .3 .2 9 )  K . . . "  a  +  a-K'  '  n + 1  o I n
w here
(3 .3 .3 0 )  a Q -  k eaT(e aTxo- z )  ,
e 2 a T b 2  -2aT(3 .3 .3 1 )  a x -  k -c- y a-  (e  ^a i  -  1 ) .
I f  th e  f i r s t  c o n t r o l  fu n c tio n  u q ( o ) i s  tak en  to  b e  z e ro , th e n  Kq * a Q 
so  th e  e q u a tio n  f o r  Kq may be w r i t t e n  i n  th e  form
( 3 .3 .3 2 )  Kn  -  Ko g  _ ^  >
I f  |a ^ |<  1 , th e n  (3 .3 .3 2 )  to g e th e r  w ith  ( 3 .3 .3 1 )  and ( 3 .3 .2 7 )  can  be 
shown to  y i e ld  th e  r e s u l t  p re v io u s ly  o b ta in e d  (2 .4 .2 3 )  by ta k in g  th e  
l i m i t  a s  n  becomes i n f i n i t e .
I t  i s  a ls o  i n t e r e s t i n g  to  c o n s id e r  th e  p r o p e r t i e s  o f  th e  c o s t  s eq ­
uence  a s s o c ia te d  w ith  th e  I t e r a t i v e  p ro c e d u re  j u s t  d e s c r ib e d . U sing
( 3 .3 .3 ) ,  ( 3 .3 .2 8 )  and ( 3 .3 .2 7 ) ,  an  e n t i r e l y  s t r a ig h t f o r w a r d  b u t  some­
w hat le n g th y  c a lc u la t io n  g iv e s  th e  fo llo w in g  fo rm u la  f o r  th e  c o s t  
sequence
T 2 n + l.J0( l  -  )
(3 .3 .3 3 )  » ( 1  _
w here J  i s  th e  c o s t  under th e  c o n t r o l  u , and  s in c e  we a r e  assum ing n  n
th a t  uQ( . )  = 0 , i t  fo llo w 8  t h a t
(3 .3 .3 4 )  J 0  “  |  <ea T * 0  “  z >2 -
Thus th e  c o s t  seq uence  converges u n d e r th e  same c o n d it io n  t h a t  th e  con­
t r o l  sequence  d o e s ; nam ely th a t  | s ^ |  < 1* When t h i s  re q u ire m e n t i s  m et 
th e  o p tim a l c o s t  i s  g iv en  by
|  <ea I ;  -  a 2
(3 .3 .3 5 )  J m “  jr aT 2
1 +  j  e  b s in h (a T )
I n  a d d i t io n  i t  i s  e a s i l y  seen  from  ( 3 .3 .3 3 ) ,  (3 .3 .3 4 )  and  (3 .3 .3 5 )  t h a t  
f o r  th e  i n i t i a l  g u ess  uo ( . )  0  0 , i f  th e  a lg o r ith m  co nverges i t  does so  
m o n o to n lc a lly  i n  th e  c o s t .  In  o th e r  w ords, i f  |a ^ |  < 1 ,  th e n  < J n
T a b le  3 .3 .1  shows a  sequence  o f  a n a l y t i c a l l y  computed c o s t s  f o r  a  t y p i c a l  
s e t  o f  sy stem  p a ra m e te rs .
TABLE 3 .3 .1  







The c o s ts  shown In  T ab le  3 .3 .1  have been  n o rm a lized  so  t h a t  th e  o p tim a l 
c o s t  co rre sp o n d s  to  1 . Thus w ith  re g a rd  to  th e  c o s t ,  co nvergence  i s  v e ry  
f a s t .
Looking m ore c lo s e ly  a t  th e  convergence  c o n d it io n  |a ^ |  < 1 , i t  can 
be s e e n  from  th e  d e f i n i t i o n  o f  a^  (3 .3 .3 1 )  t h a t  t h i s  c o n d i t io n  i s  e q u iv ­
a l e n t  to  th e  in e q u a l i ty  h (a ,T )<  w here h (a ,T )  i s  d e f in e d  to  be
kb
2aT
( 3 .3 .3 6 )  h (a ,T )  -
F ig u re  3 .3 .1  shows a  s k e tc h  o f  a  s e t  o f  cu rv es  i n  th e  a -T  p la n e  a lo n g
w hich  h(a»T ) “  C f o r  v a r io u s  v a lu e s  o f  C. F o r a  f ix e d  v a lu e  T^, h (a ,T ^ )
i s  a  monotone f u n c t io n  o f a .  Thus h (a ,T )<  i n  th e  re g io n  to  th e  l e f t
o f  th e  cu rv e  h (a ,T )  ■ C^» and h (a ,T )>  to  th e  r i g h t  o f  th e  c u rv e .
H ence, g iv en  k  and b ,  th e  r e g io n  o f  convergence  i s  to  th e  l e f t  o f  th e
c u rv e  h (a ,T )  ■ —^  .
kb
E x am ination  o f  F ig u re  3 .3 .1  g iv e s  some I n s ig h t  in to  th e  e f f e c t  o f 
th e  d i f f e r e n t  sy stem  and c o s t  p a ra m e te rs  on th e  convergence  p r o p e r t i e s  
o f  th e  a lg o r i th m  f o r  t h i s  p a r t i c u l a r  p rob lem , and t h i s  c o u ld  be used  
a s  a  g u id e  in  c o n s id e r in g  th e  a p p l ic a t io n  o f  th e  a lg o r ith m  to  o th e r  
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FIGURE 3 .3 .1  : Regions o f Convergence in  th e  a-T P lane  '  h (a ,T )  = C
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t h a t  f o r  a l l  o th e r  p a ra m e te rs  f ix e d ,  convergence  o c c u rs  f o r  s u f f i c i e n t l y  
sm a ll T , and t h a t  f o r  some v a lu e s  o f  a ,  in c r e a s in g  T w i l l  r e s u l t  in  lo s s  
o f  co n v erg en ce . T h is  o b s e rv a tio n  w ould seem to  s u g g e s t ,  f o r  th e  g e n e ra l  
p rob lem , t h a t  i f  d iv e rg e n c e  o ccu rs  upon I n i t i a l  a p p l i c a t io n  o f th e  
a lg o r ith m , i t  m igh t b e  p o s s ib le  to  d e c re a se  T u n t i l  convergence  o c cu rs  
and th en  to  I n c re a s e  i t  i n  sm a ll s te p s  u n t i l  th e  d e s i r e d  te rm in a l  tim e  
had  been  re a c h e d . I t  sh o u ld  be  n o te d  t h a t  th e  convergence  re g io n s  de­
p ic te d  i n  F ig u re  1 a r e  b a sed  upon th e  assu m p tio n  t h a t  th e  i n i t i a l  g u ess  
f o r  uq i s  z e ro . The m ethod j u s t  d e s c r ib e d  would b e  an  a tte m p t to  in ­
c re a s e  th e  r e g io n  o f  co nvergence  by Im proving  th e  i n i t i a l  gueBs a t  each  
s ta g e .
A nother o b s e r v a t io n  t h a t  can b e  made from  F ig u re  3 .3 .1  i s  t h a t  th e  
s t a b i l i t y  o f  th e  sy stem  p la y s  an  im p o r ta n t r o l e  i n  th e  d e te rm in a tio n  o f 
th e  convergence  p r o p e r t i e s .  For G g r e a t e r  th a n  a b o u t 5 th e  a lg o r i th m  
converges from  an  i n i t i a l  guess uQ =* 0 f o r  a  s t a b l e  sy stem  (a<0) and 
any te rm in a l  tim e  T, w hereas i f  th e  sy stem  i s  u n s ta b l e ,  th e n  th e  te rm in a l  
tim e  must b e  s m a ll  t o  a s s u re  co n v erg en ce .
CHAPTER 4 
COMPUTATIONAL TECHNIQUES
In  t h i s  c h a p te r  s e v e r a l  c o m p u ta tio n a l p ro c e d u re s  w i l l  be  c o n s id e re d  
f o r  th e  Im p lem e n ta tio n  o f  th e  a lg o r ith m  p re s e n te d  i n  s e c t io n  3 .2 .  F o r 
th e  pu rpose  o f  m axim izing  c l a r i t y  o f  e x p o s i t io n ,  th e  co m p u ta tio n a l r e ­
q u irem en ts  o f  th e  a lg o r ith m  may be  s t a t e d  in  th e  fo llo w in g  way.
Given a  c o n t r o l  fu n c t io n  u ( . )  d e f in e d  on th e  i n t e r v a l  [ t o ,T ] ,  and an 
i n i t i a l  d e n s i ty  fu n c t io n  pQ( . ) ,  e v a lu a te  th e  f u n c t io n  U(t ) d e f in e d  by
(4 .1 )  U(T> = b /  iW i j T l  ^
w here ifi i s  d e f in e d  to  be th e  s o lu t io n  o f
(4 .2 )  [ ( f a , T)+bu(T )) + Y "
subject to the initial condition ^(.,t ) pQ(.), and S is defined by
(4 .3 )  S ( p , t )  = L(4»(. ,T ;p , t> )  +  / T /  V(A ,t ) <J>U»TSp,t) dX d t
t R
+  /T u2 (t) dx , 
t
w here tf>(.»Y ;p,t) d e n o te s  th e  s o lu t io n  o f  (4 .2 )  on th e  i n t e r v a l  [ t ,T ]  sub ­
j e c t  to  th e  i n i t i a l  c o n d it io n  iji(-» t) = p ( . ) .  The fu n c t io n  U (.)  i s  to  be 
e v a lu a te d  on th e  tim e  i n t e r v a l  [ t Q,T ] .
Three d i f f e r e n t  m ethods a r e  p re s e n te d  f o r  th e  s o lu t io n  o f  th e  above 
prob lem , and th e  a d v an tag es  and d is a d v a n ta g e s  o f  each  method a re  d is c u s s e d  
S in c e  each o f  th e  m ethods r e q u i r e  a t  l e a s t  one n u m e ric a l s o lu t io n  o f  a  p a r  
t i a l  d i f f e r e n t i a l  e q u a tio n , s e v e r a l  te c h n iq u e s  o f  s o lv in g  p a r t i a l  d i f f e r e n  
t l a l  e q u a tio n s  w ere  in v e s t ig a te d .  The r e s u l t s  o f  t h i s  I n v e s t ig a t io n  a re  
p re se n te d  in  [27] w here b o th  d i g i t a l  and h y b r id  m ethods a re  d is c u s s e d .
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4 .1  C om putation o f  th e  F re c h e t D e r iv a t iv e  v i a  th e  A d jo in t E quation
In  Appendix B I t  i s  shown t h a t  u n d e r c e r t a i n  c o n d i t io n s ,  th e  F re c h e t  
d e r iv a t iv e  ^ | T^ ~ s a t i s f i e s  th e  a d jo in t  e q u a tio n
( 4 .1 .1 )  = -  ( f  (A, t ) + b u ( t ) )  ~ ~~  3’2 ~ V (X tt)
s u b je c t  to  th e  te rm in a l  c o n d itio n
(4 .1 .2 )  W(A,T) * 6L^ ,T ^ - .
Thus, equation (4 .1 )  may be evaluated for all Te[tQ»T] by
(a )  s o lv in g  (4 .2 )  from t Q to  T w ith  i |> ( . , to) -  PQi and s to r in g  
th e  s o lu t io n ,
(b) s o lv in g  ( 4 .1 .1 )  backw ard in  tim e  s u b je c t  to  ( 4 .1 .2 )  and 
s to r in g  th e  s o lu t io n ,
(c )  e v a lu a t in g  th e  i n t e g r a l  b /  W(A,x) dA f o r  a l l  x o f
R
i n t e r e s t .
Of c o u rs e , from a p r a c t i c a l  p o in t  o f  v iew , U (r)  w ould  o n ly  be e v a l ­
u a te d  f o r  x on a  s e le c te d  g r id  o f  p o in ts  on [ t  ,T ] .
The co m p u ta tio n  tim e  re q u ire d  f o r  th e  above p ro c e d u re  i s  e s s e n t i a l l y  
th e  tim e  re q u ir e d  to  s o lv e  (4 .2 )  and (4 ^ 1 .1 ) o v e r th e  i n t e r v a l  [ t ^ T ] . 
T h u s 'in  te rm s o f  s p e e d , t h i s  m ethod i s  a s  e f f i c i e n t  as th e  method u sed  to  
s o lv e  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s .
The com puter s to r a g e  re q u ire m e n ts  f o r  t h i s  method a re  t h a t  th e  s o lu ­
t i o n s  o f  (4 .2 )  and ( 4 .1 .1 )  b e  in  c o re  s im u lta n e o u s ly . A f te r  th e s e  two s o l ­
u t io n s  have  b een  o b ta in e d , th e  s o lu t io n  o f  ( 4 .2 )  may b e  re p la c e d  in  c o re  
by i t s  d e r iv a t iv e ,  w hich i s  r e q u ire d  d i r e c t l y  in  th e  co m p u ta tio n  o f  U (x ) . 
A lso  i t  sh o u ld  b e  n o te d  th a t  in  g o in g  from  one s te p  to  th e  n e x t i t  i s  
n e c e s sa ry  to  sav e  on ly  th e  c o n tro l  fu n c t io n  U ( . ) .
4 .2  A P e r tu r b a t io n  T echnique f o r  Computing th e  F re c h e t D i f f e r e n t i a l  
E q u a tio n  (4 .1 )  can be r e w r i t t e n  In  th e  form
w here F (p ,0 ,-r)  r e p r e s e n ts  th e  F re c h e t d i f f e r e n t i a l  o f  S (p ,x )  in  th e  d i r e c ­
t i o n  0 . T h e re fo re  u s in g  th e  d e f i n i t i o n  o f  F re c h e t d i f f e r e n t i a l ,  U(t) 
may be  approx im ated  a r b i t r a r i l y  c lo s e ly  b e
by choosing  c to  be  s m a ll .
S u b s t i tu t io n  o f  (4 .3 )  i n t o  ( 4 .2 .2 )  and ta k in g  th e  l i m i t  as  e goes 
to  z e ro  y ie ld s
w here  i t  h as  b een  assumed th a t  an  a n a l y t i c a l  e x p re s s io n  i s  a v a i l a b le  f o r  
W (1 ,T ), and th e  l i n e a r i t y  o f  (4 .2 )  h as  been  u sed .
The fo llo w in g  sequence o f s te p s  i s  r e q u ir e d  f o r  th e  im p lem en ta tio n  
o f  e q u a tio n  ( 4 .2 .3 ) ;
(a ) s o lv in g  (4 .2 )  from t Q to  T w ith  i K . , t Q) ■** PQ(- )»  and s to r in g  
th e  s o lu t io n ,
(b ) com pute W (.,T ) from  ip ( . ,T ) ,
on th e  i n t e r v a l  [t ,T],
(d) by p e rfo rm in g  th e  in d ic a te d  i n t e g r a t i o n s ,  e v a lu a te  U(t) 
from  ( 4 .2 .3 ) .
Assuming t h a t  U ( .)  I s  to  be e v a lu a te d  a t  n e q u a lly  sp aced  p o in ts  
a lo n g  th e  i n t e r v a l  [ t o>T ], s te p  (c )  would r e q u i r e  th e  s o lu t io n  o f (4 .2 )
( 4 .2 .1 )  U (t ) = b F f y ( . ,T ) ,  3^ -^ '  . t)
( 4 .2 .2 )  U (x) = b e e
( 4 .2 .3 )
(c) for each t of interest, compute and store $(.,t; ,t )
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o v e r a  t o t a l  tim e  p e r io d  o f  T ( l  +  , ao t h a t  depend ing  on n ,  t h i s  m ethod
co u ld  re q u ire  c o n s id e ra b ly  m ore com pu ta tion  tim e th a n  th e  m ethod p re s e n te d  
in  s e c t io n  4 .1 .
The ad v an tag e  o f  t h i s  m ethod i s  t h a t ,  b ecau se  th e  F re c h e t d i f f e r e n ­
t i a l  i s  computed from  th e  d e f i n i t i o n ,  i t s  v a l i d i t y  i s  n o t c o n tin g e n t  upon 
th e  v a l i d i t y  o f  th e  'a d j o i n t 1 e q u a tio n  ( 4 .1 .1 ) .  I t  Bhould a l s o  be p o in te d  
o u t ,  how ever, t h a t  th e  d i f f e r e n t i a l  i s  b e in g  computed in  o n ly  one d i r e c ­
t i o n .  T h is , o f  c o u r s e ,  s a t i s f i e s  th e  re q u ire m e n ts  o f  th e  a lg o r i th m , b u t  
i s  l e s s  v e r s a t i l e  in  te rm s o f  p o s s ib le  changes in  th e  a lg o r i th m , s in c e  
th e  p ro ced u re  w ould  e s s e n t i a l l y  have to  be re p e a te d  to  d e te rm in e  th e  d i f ­
f e r e n t i a l  in  a n o th e r  d i r e c t i o n .
The co re  s to r a g e  re q u ire m e n ts  f o r  t h i s  m ethod a re  n o t s i g n i f i c a n t l y  
d i f f e r e n t  from th o s e  o f  th e  p re v io u s  m ethod. T h ere  i s  to  some e x te n t  a 
t r a d e o f f  betw een c o re  re q u ire m e n ts  and programming e f f o r t .  F o r exam ple, 
th e  same a r ra y  c o u ld  b e  used  to  pe rfo rm  s te p s  (a )  and (c )  by g iv in g  s p e c i a l  
a t t e n t i o n  to  th e  seq u en ce  in  w hich  th e  com p u ta tio n s  w ere p e rfo rm ed .
4 .3  C om putation o f  t h e  F re c h e t D e r iv a t iv e  v ia  H ybrid  T echniques
In  t h i s  s e c t i o n  a  te c h n iq u e  i s  d e sc r ib e d  t h a t ,  c o m p u ta tio n a lly  s p e a k - ' 
i n g ,  compares f a v o ra b ly  w ith  th e  m ethods o f th e  two p re v io u s  s e c t io n s .
I t  a l s o  has th e  a d v an ta g e  t h a t  i t  p ro v id e s  an e s t im a te  o f  th e  d e r iv a t iv e  
r a t h e r  th an  j u s t  t h e  d i f f e r e n t i a l  in  one p a r t i c u l a r  d i r e c t i o n .
T h is method makes u se  o f  an i n t e r p r e t a t i o n  o f  c e r t a in  moments in  
te rm s o f  s o lu t io n s  o f  th e  u n d e r ly in g  s to c h a s t i c  p r o c e s s , and a  Monte C a r lo  
s im u la t io n  i s  u sed  to  e s t im a te  th e s e  moments.
A lthough t h i s  m ethod co u ld  b e  u sed  f o r  p rob lem s w ith  a  c o s t  fu n c ­
t i o n a l  co rre sp o n d in g  to  ( 4 .3 ) ,  th e  c o m p u ta tio n a l ad v an tag es  a r e  much m ore 
pronounced when o n ly  te rm in a l e r r o r  and c o n t r o l  energy  a re  p e n a l iz e d .
Thus o n ly  c o s t f u n c t io n a l s  o f  th e  form
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( 4 .3 .1 )  J ( t Q) = l (iK . ,T ) )  + / T u 2 (t) dx
* 0
w i l l  b e  c o n s id e re d . As a  f u r t h e r  r e s t r i c t i o n ,  I t  I s  r e q u ire d  t h a t  th e
6 l iF re c h e t d e r iv a t iv e  be e x p re s s a b le  In  te rm s o f  th e  d e n s i ty  fu n c­
t i o n  $ ( . , T ; 0 ( y ) , t ) , w here 0 (y ) I s  a  d e l t a  fu n c t io n  o f  w&lght 1 c e n te re d  
a t  y . In  o th e r  w ords, $ ( . ,T ; 0 ( y ) , t )  i s  to  be in t e r p r e t e d  as  th e  d e n s i ty  
o f  x(T) g iv en  t h a t  x ( t )  ■ y  w ith  p r o b a b i l i t y  one . F o r d e f in i t e n e s s  th e  
c o s t  fu n c t io n a l  to  be used  h e re  i s
M  -  '
( 4 .3 .2 )  J ( t Q) = I  H ( /  Gi (A) i f ( . ,T )  dX) + 1 /  «2 ( t )  dx
1=1 R t o
w here each and a r e  r e a l - v a lu e d  f u n c t io n s ,  w ith  th e  H^’s b e in g  d i f ­
f e r e n t i a b l e  and th e  Gi ' s  b e in g  in  L *(R ).
R e c a l l in g  th e  d e f i n i t i o n  o f  <J>( . ,T ;9 (y )  , t ) , i t  i s  c le a r  t h a t  ( 4 .3 .2 )  
nlay b e  w r i t t e n  as
M  T rp
( 4 .3 .3 )  J ( t  ) = I  H ( /  d (X ,t)  # (X ,t )  dx) + i  J w2 (x) dx
i= l  R ■ t o
w here d ^ (X ,t)  i s  d e f in e d  to  be
( 4 .3 .4 )  d (X,t) = /  G (X) <|>(x,T;0(X),t) dX .
R
O bserv ing  t h a t  di (X ,t)  i s  in d e p en d e n t o f  * K . , t ) ,  i t  i s  seen  by a p p ly in g  
th e  te c h n iq u e s  o f  A ppendix A, t h a t  th e  F re c h e t d e r iv a t iv e  o f  t h e  o p tim a l 
v a lu e  fu n c t io n  c o rre sp o n d in g  to  ( 4 .3 .3 )  i s  g iv en  by
M
( 4 .3 .5 )  W (X ,t) = I  H '(q  ) d (X ,t)
i= l
w here  f d e n o te s  d e r iv a t iv e  and q^ i s  d e f in e d  to  be
( 4 .3 .6 )  q -  /  G (X) t{i(X,T) dX ,
R
w hich  i s  th e  u n c o n d i t io n a l  e x p ec te d  v a lu e  o f G ^ (x (T )) .
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T u rn in g  now to  th e  c o m p u ta tio n a l re q u ire m e n ts  f o r  d e te rm in in g  U (t)  
f o r  a  p a r t i c u l a r  t ,  t h i s  t a s k  I s  see n  to  b e  e q u iv a le n t  to  th e  t a s k  o f  
e v a lu a t in g  W ( . , t )  f o r  a l l  X on a s e le c te d  g r id .  E xam ination  o f  ( 4 .3 .5 )  
s u g g e s ts  th e  fo llo w in g  p ro c e d u re :
(a )  s o lv e  (4 .2 )  from t Q to  T w ith  i K . , t Q) <= PQ(*)> and s to r in g  
th e  s o lu t io n ,
(b ) compute H ^ (q ^ ), i  = 1 , . . . ,  M, from e q u a tio n  ( 4 .3 .6 )  and 
th e  d e f i n i t i o n  o f  H^,
(c )  f o r  each  X on a  s e le c te d  g r i d ,  compute d ^ ( X ,t ) .  T h a t i s  to  
be  done by means o f  a  h y b rid  te c h n iq u e  to  be d e s c r ib e d ,
(d) e v a lu a te  th e  i n t e g r a l  b /  W (X,t) dX.
R
C le a r ly  th e  m ost d i f f i c u l t  ta s k  in  t h i s  p ro ced u re  i s  th e  co m pu ta tion  
o f  th e  d i ' s .  E xam ination  o f ( 4 .3 .4 )  r e v e a ls  th e  f a c t  t h a t  di (X ,t)  can be 
in t e r p r e t e d  a s  b e in g  th e  ex p ec ted  v a lu e  o f G ^x O f)) g iv e n  th a t  x ( t )  » X. 
T his o b s e r v a t io n  s u g g e s ts  th e  fo llo w in g  m ethod f o r  ap p ro x im a tin g  d ^ X . t )  
from sam ples o f  th e  random v a r ia b le  x (T ) .
F i r s t  i t  i s  n o te d  th a t  sam ples o f x(T ) may be g e n e ra te d  by s im u la tin g  
th e  u n d e r ly in g  I t o  p ro c e ss
(4 .3 .7 )  dx (x ) =» ( f (x ,x )+ b u (x ) )  dx + cdv(x)
w ith  i n i t i a l  c o n d it io n  x ( t )  = X, and sam pling  th e  random v a r ia b le  x(T) a t  
th e  end o f  each  ru n . L e t t in g  x ( T , i )  d en o te  th e  i - t h  su ch  sam p le , th e  term  
di (X ,t)  may th e n  b e  ap p rox im ated  by th e  e x p re s s io n
1 N
(4 .3 .8 )  d . ( X , t )  = — I  G .( x ( T , j ) )  ,
j = l  1
where N i s  th e  number o f  sam ples g e n e ra te d .
F ig u re  4 .3 .1  shows an a n a lo g  module used  in  th e  im p le m e n ta tio n  o f  
t h i s  m ethod. The co m p u ta tio n  c o u ld  be  speeded up by u s in g  s e v e r a l  o f
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th e s e  m odules i n  p a r a l l e l ,  w ith  th e  same n o is e  so u rc e  used f o r  each  m odule. 
I n  t h i s  way s e v e r a l  co u ld  be com puted s im u lta n e o u s ly .
The r o l e  o f  th e  d i g i t a l  com puter I n  th e  co m p u ta tio n  o f  th e  d ^ 's  i s  
to  re a d  in  th e  Gi ( x ( t , j ) ) ' s  and av erag e  them as  I n d ic a te d  in  e q u a tio n
( 4 .3 .8 ) .  When t h i s  i s  done f o r  a l l  A and t ,  th e  new c o n tr o l  U ( .)  may be 
computed from  ( 4 .3 .5 )  and ( 4 .1 ) .
In  re g a rd  to  th e  an a lo g  s im u la t io n  o f  th e  I t o  p ro c e s s ,  s e v e r a l  com­
m ents a re  in  o rd e r .  F i r s t  o f  a l l ,  i t  sh o u ld  be r e a l i z e d  t h a t  one re a so n  
f o r  choosing  ( 4 .3 .7 )  as  th e  m a th em atica l model f o r  th e  p h y s ic a l  system  
was th a t  t h i s  a llo w ed  th e  u se  o f  such  r e s u l t s  as th e  F o k k e r-P lan ck  equa­
t io n  fo r  com puting th e  p r o b a b i l i ty  d e n s i ty  f o r  th e  s t a t e  t r a j e c t o r y .
S in c e  th e  a c tu a l  n o is e  i s  n o t  w h ite ,  how ever, th e  s o lu t io n  o f  th e  F o k k er- 
P lan ck  e q u a tio n  i s  j u s t  an ap p ro x im a tio n  o f  th e  t r u e  d e n s i ty  fu n c t io n .
I t  would n o t make se n se  th e r e f o r e  to  go t o  g r e a t  le n g th s  to  t r y  to  make 
th e  n o is e  so u rc e  used  in  th e  s im u la t io n  a s  'w h i te ' a s  p o s s ib le ,  b ecau se  
t h i s  would o n ly  in tro d u c e  m ore e r r o r  r e l a t i v e  to  th e  s o lu t io n  o f  th e  o r ig ­
i n a l  c o n tro l  p rob lem . A m ore re a s o n a b le  approach  w ould be to  t r y  to  make 
th e  n o is e  so u rc e  u sed  in  th e  s im u la t io n  as  c lo s e  as p o s s ib le  to  th e  a c tu a l  
sy stem  n o is e .
Depending on w hat ty p e  o f n o is e  s ig n a l  i s  r e q u i r e d ,  i t  may be pos­
s i b l e  to  tim e  s c a le  th e  an a lo g  s im u la t io n  in  o rd e r  to  red u ce  th e  computa­
t i o n  tim e . T h is  can n o t b e  done beyond a  c e r t a in  p o in t ,  how ever, b ecau se  
th e  n o is e  i s  b e in g  g e n e ra te d  e x te r n a l ly  and th u s  can n o t be speeded  up in  
g e n e r a l .  T h e re fo re  th e  e x te n t  to  w hich tim e  s c a l in g  can b e  u sed  i s  de­
pen d en t upon th e  ty p e  o f  n o is e  g e n e ra to r  b e in g  em ployed.
The co m p u ta tio n  tim e  re q u ire d  f o r  th e  h y b rid  m ethod depends on sev ­
e r a l  f a c to r s .  N om inally  choosing  25 tim e  s te p s  and 100 g r id  p o in t s ,  and
v ( t )
x ( t ) x ( T , i )T/S
f ( x , t )
FIGURE 4>3.1 : An Analog Module fo r  the Hybrid Technique
in
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assu m in g  20 a n a lo g  m odu les a r e  to  b e  u se d  In  p a r a l l e l ,  th e  tim e  r e q u i r e d  
t o  com pute t h e  d ^ ’s  w ou ld  b e  a p p ro x im a te ly  20 s e c o n d s .
F ig u r e  4 .3 .2  g iv e s  a  flo w  c h a r t  o f  t h i s  m ethod . Two p r i o r i t y  i n t e r ­
r u p t s  w ere  u se d  In  s y n c h r o n iz in g  th e  c o m p u ta tio n s ;  one c o n t r o l l e d  c o n v e r­
s io n s  o f  t h e  x ( T , j ) fs  and  th e  o th e r  c o n t r o l l e d  th e  p e r i o d i c  ( i . e . ,  a t  
e a c h  tim e  s t e p )  u p d a t in g  o f  th e  c o n t r o l  f u n c t io n .
I t  s h o u ld  b e  n o te d  t h a t  i f  t h e  G ^rs  and  H^’ s  a r e  in  a  form  w h ich  can  
b e  im p lem en ted  on. .an a n a lo g  f u n c t io n  g e n e r a to r ,  th e n  i t  i s  n o t  n e c e s s a r y  
t h a t  th e  f u n c t io n s  a l s o  b e  g iv e n  i n  a n a l y t i c a l  form . S in c e  th e  e v a lu a ­
t i o n  o f 1b n o t  p a r t  o f  t h e  M onte C a r lo  p ro c e d u r e ,  th e  tim e  r e q u i r e d  
f o r  t h i s  i s  n o t  a s  c r i t i c a l  as t h a t  f o r  th e  & ^ 's  and so  i t  i s  f e a s i b l e  
t o  u s e  a  d i g i t a l  t a b l e  lo o k -u p  schem e f o r  t h e  H ^ 's .
CHAPTER 5 
THE FEEDBACK CONTROL PROBLEM
5 .1  Problem  S ta te m e n t
In  th e  th r e e  p re v io u s  c h a p te r s  v a r io u s  a s p e c ts  o f  th e  open loop  s t o -  
c a s t i c  c o n t r o l  p rob lem  w ere i n v e s t ig a te d .  I n  th e  open lo o p  prob lem  i t  
was assum ed th a t  e i t h e r  no o b s e rv a tio n s  w ere  a v a i l a b le  from  th e  sy stem , 
o r  t h a t  th e  a v a i l a b le  o b s e rv a t io n s  w ere to o  c o rru p te d  by n o is e  to  be  o f
an y  v a lu e .  In  th e  p r e s e n t  c h a p te r  a t t e n t i o n  i s  fo c u sed  on th e  s i t u a t i o n
w here  u s e f u l  o b s e rv a tio n s  a r e  a v a i l a b l e ,  and an  i n v e s t i g a t i o n  i s  made 
i n t o  th e  e f f e c t s  o f  t h i s  a ssu m p tio n  on b o th  th e  c o n c e p tu a l and th e  com­
p u ta t i o n a l  a s p e c ts  o f  th e  p rob lem .
To b e  p r e c i s e ,  c o n s id e r  th e  m odel o f  th e  u n d e r ly in g  s to c h a s t i c  p ro ­
c e s s  as  d e s c r ib e d  i n  C h ap te r 1:
(5 .1 .1 a )  d x ( t )  = [ f ( x , t )  + b u ( t ) ]  d t  + c d v ^ ( t )
( 5 .1 .1 b )  d y ( t )  = h ( x , t ) d t  + d v g ^ ) .
The prob lem  i s  to  f in d  th e  c o n t r o l  f u n c t io n  u ( . )  on th e  I n t e r v a l  [ t Q,T ]
t h a t  m in im izes th e  c o s t  f u n c t io n a l
T' T
( 5 .1 .2 )  J ( t c ) -  L(pT (o St ) )  +  |  J  V (A ,t)p t a | S t )dA dt |  u2 ( t ) d t ,
t  R to o
w here  St  ** { (y (T ),T ) : T e [ tQ, t ] }  and  p ^ ( .  |S fc) i s  th e  c o n d i t io n a l  d e n s i ty  
f u n c t io n  o f  th e  s t a t e  a t  tim e  t ,  c o n d itio n e d  on S^.
F ig u re  5 1 1 .lb  g iv e s  a  b lo c k  d iag ram  f o r  th e  m ost g e n e r a l  ty p e  o f  
c o n t r o l  p rob lem , and F ig u re  5 .1 .1 b  shews how th e  s t r u c t u r e  can be sp e ­
c i a l i z e d  f o r  p roblem s w ith  a  c o s t  f u n c t io n a l  o f  th e  form  ( 5 .1 .2 ) .  The 
s t r u c t u r e  o f F ig u re  5 1 1 .lb  w i l l  b e  j u s t i f i e d  i n  th e  n e x t s e c t io n .
u ( t ) SISTEM y ( t )
EQNS. ( 5 . 1 . 1 a ) ,  
( 5 . 1 . 1 b )
- ■— ^
CONTROLLER —*V
FIGURE 5 . 1 . l a  ; B lock  Diagram fo r  the G eneral C ontro l Problem
u ( t ) y ( t )




u ( p ( . | S t ) , t )  
FROM HJ EQN.
SYSTEM
FIGURE 5 . 1 . l b  : S im p lif ie d  B lock  Diagram fo r  S p e c ia l  Case
As f o r  th e  open loop  prob lem  t h i s  p rob lem  may be  p o sed  a s  a  d i s t r i b  
b u ted  p a ra m e te r  c o n t r o l  p rob lem . The m ajo r d i f f e r e n c e  I s  t h a t  f o r  th e  
c lo se d  lo o p  problem  th e  d i s t r i b u t e d  p a ra m e te r  system  I s  s t o c h a s t i c .  
S p e c i f i c a l l y ,  a s  was I n d ic a te d  In  C h ap te r l f th e  e q u a tio n s  d e s c r ib in g  
th e  e v o lu t io n  o f  th e  c o n d i t io n a l  d e n s i ty  p (» |s  ) a r e1* U'
( 5 .1 .3 )  dr(A,t) -  [f(A,t)r(A,t)] -  b u ( t )  ~  r(A,t) )dt
+  P ( A ,t ) h ( A ,t ) d y ( t )
( 5 .1 .4 )  pt (A|st ) = r(A,t) /(J  T(A,t)dA).
R
Thus we a r e  seek in g  th e  o p tim a l feed b ack  c o n t r o l l e r  f o r  a  s to c h a s t i c  d i s ­
t r i b u t e d  p a ra m e te r  sy stem  w ith  p e r f e c t  o b s e rv a tio n  o f  th e  s t a t e .
5 .2  A p p lic a t io n  o f Dynamic Programming T echniques
I n  t h i s  s e c t io n  a  H a m ilto n -Ja c o b i e q u a tio n  w i l l  be  g iv e n  f o r  th e  
c lo se d  lo o p  prob lem . T h is  r e s u l t  was d e r iv e d  I n  4 f o r  a  s l i g h t l y  more 
g e n e ra l  ty p e  o f  c o s t  f u n c t io n a l .
S in c e  f o r  any t  < T th e  c o s t  in  ( 5 .1 .2 )  w i l l  be  a  random q u a n t i ty  
depending  on th e  f u tu r e  e v o lu t io n  o f  r ( . , t ) ,  we d e f in e  th e  o p tim a l v a lu e  
fu n c t io n  t o  be  th e  minimum o f  th e  c o n d i t io n a l  ex p ec ted  v a lu e  o f  th e  c o s t  
y e t  to  b e  in c u r re d  i n  th e  i n t e r v a l  [ t , T ] , g iv e n  th e  p r e s e n t  s t a t e  F ( . ,  t) . 
T hus, from  ( 5 .1 .2 )  we h av e
T
( 5 .2 .1 )  S(r,t) -  min E{L,(r(0,T)) |r(o,t)> +  E 5" f fv(A,T)IffiA iAdT
u(r(T),T) A U  J
t  R
T
+ |  J  u2(r(T),T)dT|r(o,t)j>
t
w here a (T ) *= J  r ( A , T ) d A  and L ^ I ^ o .T ) )  -  L ( r ( „ ,T ) / a ( T ) ) .
R
W ith th e  above d e f i n i t i o n  o f  th e  o p tim a l v a lu e  f u n c t io n ,  M ortensen [4] 
shows th a t  S ( T , t )  s a t i s f i e s  a  second  o rd e r  F re c h e t d i f f e r e n t i a l  e q u a tio n  
w hich  when s p e c ia l i z e d  to  th e  prob lem  c o n s id e re d  h e r e  red u ces  to  th e  
form
(5 * 2 .2 )  ^  min - f |u 2(r(t) ,t)-bu(r(t)  , t )  f |r- r(A,t)dl|
at u(r(T),T)C.2 JR 6V 1
+ I V(X,t)r(X,t)/a(t)]dX - f  -jfr [f(X,t)r(X,t)]dX
R R
+ |  .fSsjjrjt ? j  I & iJA + r(i»t)h(x,t)h(t)jdx  
R 3X
+ l j j  i f a ^ r -a 2) r a 1,t)h(x1 .t )  r<x2,t>h<x2.t)dA1dx2
RR
w here  i i ( t )  i s  d e f in e d  to  b e
( 5 .2 .3 )  h(t) -  j  h(X,t) r(X,t)dX .
R
The In d ic a te d  m in im iz a tio n  I n  ( 5 .2 .2 )  r e q u i r e s  t h a t
( 5 .2 .4 )  u (r ( . , t ) , t>  -  b |  i S i k S l i - r a . t )  dx
R
w hich  i s  I d e n t i c a l  i n  form  t o  th e  open lo o p  c o n tro l  la w . To b e  c o n s i s te n t  
v l t h  F ig u re  5 .1 .1 b ,  th e  c o n t r o l  p o l ic y  can  b e  w r i t t e n  a s  a  f u n c t io n  o f  
th e  a c tu a l  c o n d i t io n a l  d e n s i ty
( 5 .2 .5 )  u (p t ( . | S t ) , t )  -  b c t( t)  |  -" a f r O  p t ( l [ S t ) dX.
R
When ( 5 .2 .4 )  i s  s u b s t i t u t e d  I n to  ( 5 .2 .2 ) ,  th e  r e s u l t i n g  e q u a tio n  
i s  a  second o rd e r  n o n l in e a r  F re c h e t  d i f f e r e n t i a l  e q u a t io n .  I f  ( 5 .1 .3 )
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c p u ld  b e  s o lv e d  I n  r e a l  tim e and I f  an  a n a l y t i c a l  s o lu t io n  w ere  a v a i l ­
a b le ,  th e n  th e  c lo se d  loop  c o n t r o l l e r  co u ld  b e  Im plem ented a s  shown In  
F ig u re  5 .2 .1 .  S in ce  I t  i s  n o t  re a so n a b le  to  assum e t h a t  e i t h e r  o f  th e s e  
c o n d it io n s  c o u ld  b e  m et, some form  o f  ap p ro x im a tio n  roust b e  In tro d u c e d .
5 .3  S ubop tlm al C o n tro l le r s
One ap p ro ach  to  th e  d e s ig n  o f  a  su b o p tlm a l c o n t r o l l e r  i s  su g g es ted  
by th e  form  o f  th e  o p tim a l c o n t r o l l e r  f o r  th e  LQG ( l i n e a r  q u a d r a t ic  
G aussian ) p ro b lem . In  th e  c a s e  o f  th e  LQG p ro b lem , th e  s t r u c t u r e  o f 
F ig u re  5 .2 .1  re d u c es  to  t h a t  o f  F ig u re  5 .3 .1 .  T h is  s im p l i f i e d  form 
sh o u ld  be e x p ec te d  from  th e  f a c t  t h a t  th e  c o n d i t io n a l  d e n s i ty  I s  G aussian  
and th u s  i s  c h a r a c te r iz e d  by I t s  mean and c o v a r ia n c e .
The Kalman f i l t e r  i s  Im plem ented by s o lv in g  a  n o n l in e a r  o rd in a ry  
d i f f e r e n t i a l  e q u a tio n  o f f - l i n e  to  g e t  th e  f i l t e r  g a in s ,  and th e n  s o lv in g  
an  I t o  e q u a tio n  on l i n e  to  g e n e r a te  th e  c o n d i t io n a l  mean x ( t ) . The d e s ig n  
o f  th e  d e te r m in is t i c  c o n t r o l l e r  i s  e f f e c t e d  by s o lv in g  a  n o n l in e a r  o rd in ­
a ry  d i f f e r e n t i a l  e q u a tio n  o f f - l i n e  to  g e t  th e  c o n t r o l  g a in .  The c o n t r o l  
p o l ic y  i s  o f  th e  form
(5 .3 .1 )  u (p t ( . | s t ) , t )  -  G ( t ) x ( t )
w here G (t) i s  precom puted and does n o t depend on th e  sam ple p a th .
The form  o f  th e  l i n e a r  o p tim a l c o n t r o l l e r  s u g g e s ts  th e  s t r u c t u r e  
d e p ic te d  in  F ig u re  5 .3 .2  f o r  th e  g e n e ra l  n o n l in e a r  p rob lem . The s e t  o f  
p a ra m e te rs  P ( t )  “  { p ^ ( t)» p 2 ( t ) , . . . »Pn ( t ) ) w ould b e  s e le c te d  so  t h a t  th ey  
co u ld  be  g e n e ra te d  i n  r e a l  tim e  w ith o u t to o  much d i f f i c u l t y  and s t i l l  
c o n ta in  a s  much in fo rm a tio n  a b o u t p ^ ( . |S fc) a s  p o s s ib le .  The c o n t r o l l e r  
i s  th e n  d e s ig n e d  as  a  mapping from  Rn to  R o r  p e rh a p s  Rn  x  [ t Q, t ]  to  R 
i f  a  dynamic c o n t r o l l e r  i s  to  b e  p e rm it te d .  T h is  ty p e  o f  c o n t r o l  s t r a t e g y
U(t )
u ( t )
U(t )
SYSTEM 
EQNS. ( 5 . 1 . 1 a )  
( 5 . 1 . 1b )
(from a n a ly t ic a l  s o l ­
u tio n  o f  HJ eqn. )
( 5 . 1 . 3 ) ,  ( 5 . 1 . 4 )
4
ON-LINE COMPUTER
FIGURE 5 . 2 . 1  : B lock Diagram fo r  the Im plem entation o f  the Feedback C o n tro ller
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u ( t )





FIGURE 5 . 3 . 1  : Im plem entation Diagram fo r  the LQG Problem
<j>o
u ( t ) y ( t ) p ( t )







FIGDRE 5 . 3 . 2  : Im plem entation Diagram fo r  a Suboptimal C o n tro ller
c o u ld  be view ed i n  te rm s o f  th e  s to c h a s t i c  d i s t r i b u t e d  p a ra m ete r sy stem
( 5 .1 .3 )  a s  a n  o p t im iz a t io n  p rob lem  w ith  a  c o n s t r a in t  on th e  c o n t r o l  
s t r u c t u r e , o r  p e rh ap s  more a c c u r a te ly  a s  an o p t im iz a t io n  p rob lem  s u b je c t  
t o  in fo rm a tio n  f la w  c o n s t r a i n t s .
Some w ork h a s  been  done on  th e  p rob lem  o f p a ra m e te r iz in g  th e  co n d i­
t i o n a l  d e n s i ty ,  b u t  l i t t l e  h a s  b een  done tow ard u s in g  th e s e  p a ra m e te rs  i n  
a  su b o p tlm a l c o n t r o l  p o l ic y .  One ap p ro ach  th a t  h as  been  in v e s t ig a te d  i s  
th e  e x p an s io n  o f  th e  c o n d i t io n a l  d e n s i ty  i n to  an  o r th o g o n a l a e r i e s  [2 8 ] ,  
and u s in g  th e  f i r s t  n  c o e f f i c i e n t s  a s  p a ra m e te rs . A nother p o s s ib le  s e t  
o f  p a ra m e te rs  i s  a  f i n i t e  s e t  o f  moments.
As e v id en c e  th a t  th e  s t r u c t u r e  o f  F ig u re  5 .3 .2  p ro v id e s  a  u s e f u l  
fram ew ork f o r  th e  d e s ig n  o f  su b o p tlm a l c o n t r o l l e r s ,  s e v e r a l  o f  th e  m ost 
u s e f u l  and w id e ly  a c c e p te d  su b o p tlm a l c o n t r o l l e r s  f o r  n o n l in e a r  s to c h a s ­
t i c  sy stem s a r e  p a r t i c u l a r  im p lem en ta tio n s  o f  th e  I n d ic a te d  s t r u c t u r e .
The s t a r t i n g  p o in t  f o r  each  o f  th e s e  m ethods i s  th e  s e t  o f e q u a tio n s  d e s­
c r ib in g  th e  e v o lu t io n  o f  th e  c o n d i t io n a l  mean and c o v a r ia n c e  o f  th e  s t a t e .  
T hese e q u a tio n s  a r e  [7 ]
( 5 .3 .2 )  d x ( t )  ■ f 1 ( x ( t ) , t ) d t  +  ( x ( t ) h ( x ( t ) , t )  -  x ( t ) h ( x ( t ) , t ) ) ( d y ( t )
- h ( x ( t ) , t ) d t )
( 5 .3 .3 )  d P ( t)«  2 ( x ( t ) f 1 ( x ( t ) , t )  -  x ( t ) f ^ 0 R t ) 7 t ) )  +  c2 -  ( x ( t ) h ( x ( t )  , t )
-  x ( t ) h ( x ( t ) , t ) ) 2 d t  + ( x ^ ( t ) h ( x ( t ) , t )  -  x ^ ( t ) h ( x ( t )  , t )
-  2 x ( t ) x ( t ) h ( x ( t ) , t )  + 2 x ( t ) 2h ( x ( t ) , t ) )  (d y ( t)  -  h ( x ( t ) , t ) d t )
w here d en o tes  c o n d i t io n a l  e x p e c ta t io n ,  and w here f ^ ( x ( t ) , t )  i s  de­
f in e d  to  be  f ( x ( t ) , t )  + b u ( t )  o f  e q u a tio n  ( 5 .1 .1 ) .
The common b a s i s  f o r  m ost c o n v e n tio n a l su b o p tlm a l c o n t r o l  schemes 
I s  an  a p p ro x im a tio n  o f  th e  I t o  e q u a tio n s  ( 5 .3 .2 )  and ( 5 .3 .3 )  so  t h a t  an 
ap p ro x im a te  c o n d i t io n a l  mean may b e  g e n e ra te d . The re a so n  fo r- In c lu d in g  
(£ .3 .3 )  I s  t h a t  even  f o r  th e  l i n e a r  G au ssian  c a s e  ( 5 .3 .2 )  and ( 5 .3 .3 )  
a r e  c o u p led .
The m ost common method o f  o b ta in in g  an  ap p ro x im a tin g  e q u a tio n  f o r
th e  g e n e r a t io n  o f  x ( t )  i s  th e  ex ten d ed  Kalman f i l t e r  [2 9 ] . In  t h i ss
app ro ach  one l i n e a r i z e s  th e  sy stem  and  o u tp u t  e q u a tio n s  a b o u t th e  t r u e  
c o n d i t io n a l  mean x ( t )  and th e n  a p p l ie s  th e  o rd in a ry  Kalman f i l t e r  to  th e  
l i n e a r i z e d  sy stem .
O th e r te c h n iq u e s  f o r  g e n e ra t in g  a p p ro x im a tio n s  o f  x ( t )  a r e  based  
on assu m p tio n s  a b o u t 't h e  form  o f  th e  c o n d i t io n a l  d e n s i ty .  For exam ple, 
i n  th e  t r u n c a te d  se c o n d -o rd e r  f i l t e r  [3 0 ,3 1 ,3 2 ]  th e  t h i r d  and  h ig h e r  
o rd e r  c e n t r a l  moments a re  n e g le c te d .  I n  th e  G au ssian  s e c o n d -o rd e r  f i l t e r  
[28 , 31 , 33] th e  t h i r d  and h ig h e r  o r d e r  c e n t r a l  moments a r e  n e g le c te d  
w ith  th e  e x c e p tio n  o f  th e  f o u r th  moment, w hich  i s  assumed to  have a  
p a r t i c u l a r  form . The m ajo r d is a d v a n ta g e  o f  th e s e  two ty p e s  o f  f i l t e r s  
i s  t h a t  th e  r e s u l t i n g  c o v a r ia n c e  e q u a tio n s  a r e  I t o  e q u a t io n s .  Thus from  
an im p le m e n ta tio n  p o in t  o f  v iew , th e  ex ten d ed  Kalman f i l t e r  i s  e a s i e r  to  
im plem ent, and s in c e  th e r e  i s  no s i g n i f i c a n t  e v id e n c e  th a t  i s  p e rfo rm an ce  
I s  i n f e r i o r  to  t h a t  o f  th e  o th e r  two f i l t e r s ,  i t  I s  u s u a l ly  chosen  on 
th e  b a s i s  o f  i t s  s im p l i c i t y .
To com ple te  th e  su b o p tlm a l c o n t r o l l e r ,  th e  c o n t r o l  p o l ic y  m ust b e  
s p e c i f i e d .  The u s u a l  method f o r  d o in g  t h i s  i s  to  u se  th e  o p tim a l con­
t r o l  p o l ic y  b a se d  on th e  d e te r m in i s t i c  l i n e a r i z e d  system  m odel. T h is 
c o n t r o l  p o lic y  I s  a  mapping from  s t a t e  sp ace  to  th e  r e a l  l i n e .  The 
su b o p tlm a l c o n t r o l  p o l ic y  I s  th e n  g iv e n  by
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( 5 .3 .4 )  u ( t )  -  u ( x ( t ) , t )B
w hich i s  o f  th e  form
( 5 .3 .5 )  u (x 0 ( t ) , t )  -  G i ( t ) x a ( t )
and G ^ (t)  i s  computed o f f - l i n e  a s  th e  s o lu t io n  o f  a  n o n l in e a r  o rd in a ry  
d i f f e r e n t i a l  e q u a tio n .
A ll  o f  th e  above te c h n iq u e s  a r e  o f  c o u rse  su b o p tim a l, and f o r  th e  
g e n e ra l  n o n l in e a r  s to c h a s t i c  sy stem  th e  ap p ro x im a tio n  to  th e  o v e r a l l  
o p tim a l c o n t r o l  p o l ic y  i s  r a t h e r  c ru d e . W hile a  com plete  s o lu t io n  to  
th e  o p tim a l c o n t r o l  problem  would in v o lv e  a  s o lu t io n  o f  th e  H am ilto n - 
J a c o b l e q u a tio n  ( 5 .2 .2 ) ,  i t  seems lo g i c a l  to  e x p e c t t h a t  th e r e  e x i s t s  
an im p lem en tab le  c o n t r o l  p o l ic y  w hich a t  l e a s t  p ro v id e s  a  c o n s tr a in e d  
optimum. T h is  a p p ea rs  to  be  a  f r u i t f u l  a r e a  f o r  f u tu r e  r e s e a r c h ,  and a  
l o g i c a l  s t a r t i n g  p o in t  f o r  t h a t  r e s e a r c h  would b e  th e  H a m llto n -Ja co b i 
e q u a t io n .
CHAPTER 6
CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH
In  term s o f s p e c i f i c  r e s u l t s ,  th e  most s i g n i f i c a n t  c o n t r ib u t io n s  
o f  t h i s  d i s s e r t a t i o n  a r e :
1) An im plem ent a b le  a lg o r i th m  was d ev elo p ed  f o r  s o lv in g  th e  
n o n l in e a r  open  loop s t o c h a s t i c  c o n t r o l  p rob lem  w ith  a 
s p e c i f ie d  i n i t i a l  d e n s i ty .
2) I t  was shown a n a l y t i c a l l y  t h a t  th e  a lg o r ith m  co n v erg es  mon- 
o to n lc a l ly  (w ith  r e s p e c t  to  c o s t)  to  th e  known o p tim a l con­
t r o l  f u n c t io n  f o r  a  p a r t i c u l a r  exam ple p rob lem . A re g io n  
o f  convergence  was d e te rm in e d  I n  te rm s o f p a ra m e te rs  o f  th e  
system  and th e  c o s t  f u n c t io n a l .
3) D ig i t a l  and h y b r id  te c h n iq u e s  w ere developed  f o r  th e  implemen­
t a t i o n  o f  th e  a lg o r i th m . S im u la tio n  s tu d ie s  in d ic a te d  th a t  
each  method was c o m p u ta tio n a lly  f e a s i b l e  f o r  s c a l a r  sy s te m s .
4) F o r a c o s t  f u n c t io n a l  o f  a  p a r t i c u l a r  s t r u c t u r e ,  a  s e t  o f  
s u f f i c i e n t  c o n d i t io n s  w ere  d e r iv e d  f o r  th e  f u n c t io n  r e ­
p r e s e n t in g  th e  F re c h e t d e r iv a t iv e  o f  th e  o p tim a l v a lu e  fu n c ­
t i o n  to  s a t i s f y  a  p a r t i a l  d i f f e r e n t i a l  e q u a tio n . For th e  
c o s t  f u n c t io n a l  c o n s id e re d , th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  
i s  th e  backw ard  Kolmogorov e q u a tio n  w ith  a  d r iv in g  term .
In  a d d i t io n  to  t h e s e  s p e c i f i c  r e s u l t s ,  i t  was in d ic a te d  how one 
co u ld  o b ta in  in s ig h t  i n t o  th e  p rob lem  o f  d e s ig n in g  su b o p tlm a l feed b ack  
c o n t r o l l e r s  by c o n s id e r in g  th e  s t r u c t u r e  o f  th e  o p tim a l c o n t r o l l e r .  The 
o p tim a l s t r u c tu r e  a l s o  p ro v id e s  a  v e h ic le  f o r  c o n c e p tu a lly  e v a lu a t in g  th e  
p e rfo rm ance  o f c o n v e n tio n a l  su b o p tlm a l c o n t r o l l e r s  such  a s  th e  ex ten d ed
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Kalman f i l t e r  combined w ith  a  c o n t r o l  p o l ic y  baaed  on a  l i n e a r i z e d  v e r ­
s io n  o f  th e  sy stem .
S e v e ra l  p o s s ib le  a re a s  o f  r e s e a r c h  w ere  su g g es te d  by  t h i s  w ork . 
P e rh ap s  th e  m ost p ro m isin g  a r e a  w ould be to  a tte m p t to  g e n e r a l iz e  th e  
r e s u l t s  o f  (4) e i t h e r  by w eaken ing  th e  h y p o th e s e s » c o n s id e r in g  a  more 
g e n e ra l  s t r u c t u r e  f o r  th e  c o s t  f u n c t io n a l ,  o r  by I n v e s t ig a t in g  th e  
im p l ic a t io n s  o f  r e q u i r in g  th e  sy s te m  to  b e  s t a b l e  in  v a r io u s  s e n s e s .
S in c e  system  s t a b i l i t y  was n o t  r e q u ir e d  i n  ( 4 ) ,  i t  seems t h a t  making 
t h i s  re q u ire m e n t w ould a llo w  one t o  weaken some o f  th e  o th e r  h y p o th e se s .
A nother p o s s ib le  a re a  o f  f u tu r e  r e s e a rc h  I s  to  r e l a t e  th e  c o n ce p ts  
o f  c o n t r o l l a b i l i t y  and o b s e r v a b i l i ty  f o r  d i s t r i b u t e d  p a ra m e te r  sy stem s 
to  th e  p rob lem  o f  d e s ig n in g  su b o p tlm a l c o n t r o l l e r s  f o r  th e  feedback  
p ro b lem . The d i s t r i b u t e d  p a ra m e te r  system  In v o lv e d  In  t h e  feedback  
p rob lem  I s  s t o c h a s t i c ,  so  th e  p ro b lem  would b e  to  d e te rm in e  w hich 
com putab le  p a ra m e te rs  o f  th e  c o n d i t io n a l  d e n s i ty  cou ld  m ost ad v an ta g e o u sly  
b e  u sed  In  a  su b o p tlm a l c o n t r o l  p o lic y *
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The pu rp o se  o f  t h i s  append ix  i s  to  d e f in e  th e  F re c h e t d e r iv a t iv e  and 
to  d is c u s s  I t s  p r o p e r t i e s  and m a n ip u la to ry  r u l e s  r e le v a n t  to  th e  t e x t  o f  
th e  d i s s e r t a t i o n .  The d e f i n i t i o n  w i l l  be  g iv en  f o r  a mapping from one 
normed l i n e a r  sp ace  to  a n o th e r .  In  th e  t e x t  th e  a p p l ic a t io n  i s  in  term s 
o f  a  p a ra m e te r iz e d  mapping from L ^ R ) to  R. The p rim ary  r e f e r e n c e s  f o r  
t h i s  append ix  a r e  [3 4 ,3 5 ,3 6 ] .
A .l  D e f in i t io n  o f  th e  F re c h e t D e r iv a t iv e
L e t S be a  m apping from  th e  normed l i n e a r  sp ace  X in to  th e  normed 
l i n e a r  sp ac e  Y, and l e t  A be an open s u b s e t  o f  X. Then in  analogy  w ith  
th e  d e f i n i t i o n  o f d e r iv a t iv e  in  o rd in a ry  c a lc u lu s  we have
DEFINITION A .1 .1 i The m apping S i s  s a id  t o  b e  F re c h e t d i f f e r e n t i a b l e  a t  
a  p o in t  aeA i f  t h e r e  e x i s t s  a  l i n e a r  t r a n s fo rm a tio n  T from X in to  Y such 
th a t  f o r  any e  > 0  th e r e  e x i s t s  a  c o rre sp o n d in g  6  > 0  such  th a t  f o r  a l l  
xeA w ith  |[ x - a j  | < 6 th e  fo llo w in g  c o n d i t io n  h o ld s :
( A . I . 1) | | s ( x ) - S ( a ) - T ( x - a ) |J  < e | | x - a | |  .
In  c a se  S i s  F re c h e t d i f f e r e n t i a b l e  a t  each  p o in t  in  A, th e n  S i s  s a id  to  
be  F re c h e t d i f f e r e n t i a b l e  on A.
I f  S i s  F re c h e t d i f f e r e n t i a b l e  a t  a  p o in t  asA th en  i t  can be  shown
[34] t h a t  th e r e  i s  a  u n iq u e  l i n e a r  t r a n s fo rm a tio n  T s a t i s f y i n g  (A .1 .1 ) ,
DEFINITION A .1 .2 : I f  S i s  F re c h e t d i f f e r e n t i a b l e  a t  a  p o in t  a ,  th e n  th e
l i n e a r  t ra n s fo rm a tio n  T s a t i s f y i n g  (A .1 .1 )  i s  c a l l e d  th e  F re c h e t  d e r iv a ­
t i v e  o f  S a t  a , and i s  d en o ted  by S ' ( a ) .  The e v a lu a t io n  o f  t h i s  l i n e a r
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tr a n s fo rm a tio n  a t  a  p o in t  x , deno ted  by  S '( a ) x  I s  c a l l e d  th e  F re c h e t 
d i f f e r e n t i a l  o f  _S a t  a In  th e  d i r e c t i o n  x .
I t  sh o u ld  b e  n o te d  t h a t  th e  l i n e a r  tra n s fo rm a tio n  S ' (a ) I s  n o t  r e ­
q u ire d  to  be  bounded. However, due to  th e  numerous r e p r e s e n ta t io n  theorem s 
a v a i l a b le  f o r  bounded l i n e a r  f u n c t io n a l s ,  I t  i s  u s e f u l  to  know w hat con­
d i t io n s  S m ust s a t i s f y  In  o rd e r  f o r  S '( a )  to  be bounded. To t h i s  end we 
have th e  fo llo w in g  theorem  [3 4 ] :
THEOREM A .1 .3 : I f  S I s  F re c h e t  d i f f e r e n t i a b l e  a t  a ,  th e n  S '( a )  i s  bounded
i f  and o n ly  i f  S i s  c o n tin u o u s  a t  a .
I t  sh o u ld  b e  p o in te d  o u t t h a t  some a u th o rs  [36] r e q u i r e  th e  F re c h e t 
d e r iv a t iv e  to  be  bounded. Under t h a t  m ore r e s t r i c t i v e  d e f i n i t i o n ,  F re c h e t 
d i f f e r e n t i a b i l i t y  w ould im ply  c o n t in u i ty  a s  i s  th e  c a se  in  e lem en ta ry  
c a lc u lu s .  Such a  d e f i n i t i o n  w ould be to o  r e s t r i c t i v e  f o r  th e  p u rp o se s  o f  
t h i s  d i s s e r t a t i o n  how ever, s in c e  f o r  th e  l i n e a r  exam ple problem  o f  s e c ­
t io n  2 .4  th e  F re c h e t d e r iv a t iv e  o f  th e  o p tim a l v a lu e  f u n c t io n  i s  n o t bounded.
L e t S^ and S^ b e  two m appings from  X in to  Y, and d e f in e  a d d i t io n  and 
s c a l a r  m u l t i p l i c a t i o n  v ia  th e  e q u a tio n s
(A. 1 .2 )  (S l+S2 ) ( x )  = SjCx) + S2 (x)
(A .1 .3 ) (c S )(x ) = cS(x) .
Then i t  i s  easy  to  show t h a t  i f  S, S , and S2  a re  d i f f e r e n t i a b l e  a t  a ,
th en  S, + S„ and cS a r e  a ls o  d i f f e r e n t i a b l e  a t  a  and t h a t  
1 2
( A .I .4) (S j+ S ^ 'C a )  = S j ( a )  + S^(a)
(A .1 .5 )  ( c S ) ’ (a ) = c S '( a )  .
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The fo llo w in g  two theorem s w i l l  p ro v e  to  be  q u i te  u s e f u l  In  d e v e lo p ­
in g  m a n ip u la to ry  r u le s  f o r  th e  p rob lem s c o n s id e re d  h e re .  The f i r s t  i s  a 
g e n e ra l iz e d  'c h a in  ru le *  and th e  second  d e a ls  w ith  p a r t i a l  d e r iv a t iv e s .
THEOREM A .1 . 4 : L e t X^, X2 , and Y b e  normed l i n e a r  s p a c e s > and l e t  be
a  mapping o f  an open s u b s e t  A o f  Xj^  i n to  an open s u b se t A2  o f  X2  and S2
a  mapping o f  A2  i n t o  Y. Suppose t h a t  S j i s  co n tin u o u s  and d i f f e r e n t i a b l e
a t  J^eA j and t h a t  S2  i s  c o n tin u o u s  and d i f f e r e n t i a b l e  a t  x 2  = S ^ X j ) .
Then S °S„ i s  co n tin u o u s  and d i f f e r e n t i a b l e  a t  x. and 2 1 1
( A . I . 6 ) ( S ^ S ^ '  (x x) = S ^(x2) ° S j ( X l) .
B efo re  p ro c e ed in g  t o  th e  theorem  on p a r t i a l  d e r iv a t iv e s  i t  i s  n e c e s ­
s a ry  to  e s t a b l i s h  some n o ta t i o n  and to  make some p re l im in a ry  d e f i n i t i o n s .  
F i r s t  we n o te  t h a t  th e  p ro d u c t  X^xX^ o f  two normed l i n e a r  sp ac e s  i s  a  
normed l i n e a r  sp a c e  w ith  a d d i t io n  and s c a l a r  m u l t i p l i c a t i o n  d e f in e d  com­
p onen tw ise  and th e  norm d e f in e d  by J | (x ^ X g )  \ | = max{| |X j J | , | |x 2 | [ } .
Now c o n s id e r  a  mapping S o f  an open s u b s e t  A o f  X^xX2  in to  Y. F o r a  p o in t  
( a j .a g )  in  A, l e t  Aj d e n o te  th e  s e t  { x je X j: (X j,a 2 )eA }, and l e t  W (.) be  a 
mapping from  A  ^ in to  Y d e f in e d  by
(A .1 .7 )  W(X l) -  S (x 1 , a 2 ) .
DEFINITION A .1 .5 : The m apping S i s  s a id  to  b e  d i f f e r e n t i a b l e  w ith  r e s p e c t
to  th e  f i r s t  v a r i a b le  a t  th e  p o in t  ( a ^ ,a ^ ) i f  W i s  d i f f e r e n t i a b l e  a t  a ^ . 
The p a r t i a l  d e r iv a t iv e  o f  w ith  r e s p e c t  to  th e  f i r s t  v a r i a b le  a t  ( a x , a „ ) 
i s  d e f in e d  to  b e  W 'C a^ and i s  d en o ted  by  S jC a ^ S g ) .  The p a r t i a l  d e r iv a ­
t i v e  o f  £> w ith  r e s p e c t  to  th e  second v a r i a b l e  a t  (a^ ,a „ ) ,  d en o ted  by 
S ^ (a 1 >a2) i s  d e f in e d  in  an e n t i r e l y  an a logous way.
THEOREM A .1 .6 : L e t S be a s  above and suppose  t h a t  S i s  d i f f e r e n t i a b l e  
a t  ( a ^ ,a 2 )eA. Then S i s  d i f f e r e n t i a b l e  w ith  r e s p e c t  to  b o th  v a r ia b le s  
a t  ( a ^ a ^ )  and
(A .1 .8 )  S ’ (a  , a  ) * (x  ,x  ) = S ’ (a  , a  ) • x  +  S '( a  ,a  )  • x 
1 2  1 2  1 1 2  1 2 1 2  2
The p ro o fs  o f  theorem s A. 1 .4  and A .1 .6  a r e  g iv e n  in  [3 4 ] . I t  sho u ld  
b e  n o te d  t h a t  theorem  A .1 .6  p ro v id e s  a  means o f  i n t e r p r e t i n g  co m b in a tio n s  
o f  fu n c t io n  sp ac e  d e r iv a t iv e s  and ’o rd in a ry *  d e r iv a t iv e s .
THEOREM A .1 .7 : L e t S and f  b e  c o n tin u o u s ly  d i f f e r e n t i a b l e  m appings from
X*X to  Y and X to  X r e s p e c t iv e ly ,  w here X and Y a r e  normed l i n e a r  s p a c e s ,
and d e f in e  th e  mapping L (p) = s ( p , f ( p ) )  f o r  peX. Then
( A . I .9) L *(p) = S j( p » f ( p ) )  +  ( p , f ( p ) )  • f ' ( p )  .
P r o o f ; From th e  d e f i n i t i o n  o f th e  d e r iv a t iv e  o f  S on X*X and theorem  
A .1 .6 ,  we have  t h a t  f o r  e v e ry  > 0 th e r e  e x i s t s  a  Sj > 0 such  t h a t
(A .1 .1 0 )  | |S ( p 1 ,q 1) -  S (p ,£ (p ) )  -  S J ( p , f ( p ) ) ( p i ~p)
+ S ^ ( p , f ( p ) ) [ q r f ( p ) ) | |  < Gl | | ( p j - p ^ - f C p ) )  ) |
f o r  a l l  p j  and q^  ^ such t h a t
Now r e s t r i c t i n g  q j to  be  f ( p j ) ,  i t  fo llo w s  t h a t  f o r  e v e ry  > 0  th e r e
e x i s t s  a i 2  > 0  su ch  t h a t
1 1 -  f (p )  -  f ’ C p K P j-p J ll  < e2 H p 1 - p ( |
f o r  P j such t h a t  | |p j - p j |  < fig. From th e  c o n t in u i ty  o f  S and f  i t  fo llo w s
[34] t h a t  S g (p » f(p ))  and f* (p )  a r e  c o n tin u o u s  w hich im p lie s  t h a t  by making 
c2 s u f f i c i e n t l y  sm a ll
| | s ( p 1,fCp1))  - s ( p , f ( P>) -  [ s j ( p , f ( p ) )
+ S2 (p»f ( p ) l f ’ (p ) ]  (p j - p )  1 I < e j i p j - p l l  
f o r  a l l  p j such  t h a t  [ |p ^ —p | |  < Thus from th e  d e f i n i t i o n  o f  L ,
L ’ (p ) = S j ( p , f ( p ) )  + S ^ [ p ,f ( p ) )  ° f ' ( p )
w hich  i s  th e  d e s i r e d  r e s u l t .
The second  F re c h e t d e r iv a t iv e  can b e  d e f in e d  in  term s o f  th e  f i r s t
F re c h e t d e r iv a t iv e .  To t h i s  end i t  i s  n o te d  t h a t  S ' ( . ) x  i s  a  m apping from
X in to  Y, so  t h a t  i t  i s  m ean in g fu l to  c o n s id e r  i t s  F re c h e t d e r iv a t iv e  in  
th e  s e n s e  o f  th e  d e f i n i t i o n  (A .1 .1 ) .
DEFINITION A. 1 .8 ; Suppose S ^ajx^^  i s  F re c h e t d i f f e r e n t i a b l e  w ith  r e s p e c t  
to  a .  The second  F re c h e t d i f f e r e n t i a l  o f  ,S a t  _a in  th e  d i r e c t i o n  ^  ,x ^ ) , 
d en o ted  by S " ( a ) ( X j , x 2) , i s  d e f in e d  t o  be  ( s ' ( . ) x 1) ’ x2 » and th e  l i n e a r  
t r a n s fo rm a tio n  SM(a) which maps X*X i n t o  Y i s  c a l l e d  th e  second  F re c h e t 
d e r i v a t i v e  o f S. a t  a .  H igher o rd e r  d e r iv a t iv e s  a r e  d e f in e d  i n  an  a n a lo ­
gous way.
Assuming t h a t  th e  f i r s t  n d e r iv a t iv e s  o f  S a t  a e x i s t ,  i t  i s  m eaning­
f u l  to  t a l k  ab o u t a  T a y lo r s e r i e s  ex p an s io n  o f  S ab o u t a  [3 5 ] . L e t t in g  
dn S (a ,x )  d e n o te  th e  n - th  F re c h e t d i f f e r e n t i a l  o f  S a t  a in  th e  d i r e c t i o n  
( x , x , . . . , x ) ,  th e  t r u n c a te d  T a y lo r  s e r i e s  ex p an s io n  would b e  o f  th e  form
n  a
( A . I . 11) S(a+x) = I  dmS ( a ,x )
m=o
w here d ° S (a ,x )  i s  d e f in e d  t o  be  S ( a ) .  The co n cep t o f  a  T a y lo r  s e r i e s  ex­
p a n s io n  was u sed  \>y MortenBen in  d e r iv in g  th e  H a m llto n -Ja co b l e q u a tio n s .
S in c e  th e  F re c h e t d e r iv a t iv e  In c lu d e s  a s  s p e c i a l  c a se s  a l l  o f  th e  
more e lem en ta ry  ty p e s  o f  d e r iv a t iv e s ,  a l l  d e r iv a t iv e s  to  be u sed  in  t h i s
d i s s e r t a t i o n  c o u ld  be c o n s id e re d  to  be  F re c h e t d e r iv a t iv e s .  F o r t h i s  
re a so n  th e  q u a l i f y in g  p r e f i x  'F r e c h e t '  w i l l  b e  d ropped In  th e  s e q u e l .
A t te n t io n  w i l l  now be  fo cu sed  on th e  s p e c ia l  cas  e in  w hich X =
L 1 (R) and Y = R.
A. 2 The D e r iv a t iv e  o f  F u n c tio n a ls  on L ^ R )
I f  a  r e a l  v a lu e d  f u n c t io n a l  S d e f in e d  on L^(R) i s  d i f f e r e n t i a b l e  a t  
a p o in t  p f th en  i t s  d e r iv a t iv e  S '( p )  may o r  may n o t b e  bounded. In  case  
S '( p )  I s  bounded . I t  can b e  re p re s e n te d  by a  fu n c t io n  i n  th e  d u a l space
CO
L (R) in  th e  fo llo w in g  way:
(A .2 .1 )  S '( p ) q  = /  q (y )  g (y ) dy
R
f o r  a l l  qeL^OO* Boundedness o f  S '( p )  i s  n o t ,  how ever, a  n e c e s s a ry  con­
d i t i o n  f o r  th e  e x is te n c e  o f  an I n t e g r a l  r e p r e s e n ta t io n .  F o r exam ple con­
s i d e r  th e  f u n c t io n a l
(A. 2 .2 )  S ' (p )q  = /  q (y ) y dy .
R
C le a r ly  S ' (p) i s  n o t  bounded b e ca u se  i f  q I s  ta k e n  to  b e  a  sym m etric  den­
s i t y  fu n c t io n  th e n  S 1 (qQ) = n  f o r  th e  sequence  o f  d e n s i ty  fu n c t io n s  de­
f in e d  to  b e  qn (y ) = q ( y - n ) .
The fu n c t io n  g ( . )  i n  (A .2 .1 )  i s  c a l le d  th e  r e p r e s e n ta t i v e  o f  th e  
F re c h e t d e r iv a t iv e  S '( p ) ,  and to  av o id  cumbersome te rm in o lo g y , g ( . )  w i l l  
f r e q u e n t ly  b e  r e f e r r e d  to  a s  s im p ly  th e  F re c h e t d e r iv a t iv e  o f  S a t  p . In  
A ppendix B th e  F re c h e t d e r iv a t iv e s  u sed  in  t h i s  d i s s e r t a t i o n  a r e  shown to  
have  i n t e g r a l  r e p r e s e n ta t io n s  by showing t h a t  th e  m appings S (p ) can  be  
w r i t t e n  i n  th e  form
(A .2 .3 )  S (p) = H (/ p (y ) g ( y ,s )  dy)
R
and th e n q > p ly in g  th e  c h a in  r u l e  (theo rem  A. 1 .4 ) .
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R e c a ll in g  from th e  p re v io u s  s e c t io n  th a t  th e  second  d e r iv a t iv e  i s  a  
l i n e a r  tra n s fo rm a tio n  from  th e  p ro d u c t o f  th e  dom ainspace w ith  i t e s l f  i n to  
th e  ran g e  s p a c e , i t  i s  see n  th a t  f o r  f u n c t io n a ls  on Lj Cr) th e  r e p r e s e n ta ­
t i v e  o f  th e  second  d e r iv a t iv e  i s  a  fu n c t io n  mapping R*R in to  R. Thus a 
second  d i f f e r e n t i a l  o f  such a  fu n c t io n a l  would b e  o f  th e  form
(A .2 .4 )  S " (p 1 ,p 2) • (q j» q 2) = /  /  q jO O  q2 (y ) g (x ,y )  dx dy .
R R
Examples
Example 1 : L e t S (p) b e  o f  th e  form
S (p) = h ( /  G(x) p (x ) dx)
R
w here H and G a re  co n tin u o u s  m appings from  R to  R and H i s  d i f f e r e n t i a b l e .  
D e fin in g  T(p) to  be th e  argum ent o f  H, we co u ld  a p p ly  th e  c h a in  r u l e  to
H and T ex ce p t t h a t  T may n o t be  c o n tin u o u s . F o r exam ple i f  G(x) = x ,
th e n ,  a s  in d ic a te d  e a r l i e r ,  T i s  n o t  bounded and th u s  n o t c o n tin u o u s .
The problem  o f  d i s c o n t in u i ty  may be a l l e v i a t e d  by  r e s t r i c t i n g  th e  
domain o f  T to  a  s u i t a b l e  subspace  o f L ^ R ) .  F i r s t  we d e f in e  a  new norm 
to  be
I ! p | l G “  I I p I L  + /  |G (x) p ( x ) |  dx
R
w here [ j . f |  ^ d e n o te s  th e  norm in  L ^ R ) ,  and th e n  d e f in e  L^(R) to  be  th e  
su b sp ace  o f  (R) d e f in e d  by
Lg (R) = { p e L ^ R H I p U g  < «} ■ .
I t  i s  s t r a ig h t f o r w a r d  to  v e r i f y  t h a t  I | * | | q I s a c t u a l l y  a  norm and t h a t  
LG(R) i s  a  l i n e a r  sp a c e . I t  i s  a l s o  c l e a r  t h a t  when th e  domain o f T i s  
r e s t r i c t e d  to  L g (R ), T i s  c o n tin u o u s . S in ce  H i s  c o n tin u o u s , th e  c o n t in u i ty
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o f  T im p lie s  t h a t  o f  S , so  th e  c h a in  r u l e  may now b e  a p p l ie d .  T h is  r e -
s u i t s  in  th e  fo llo w in g  e x p re s s io n  f o r  th e  d e r iv a t iv e  o f  S:
S '( p ) ( r )  = HT( /  p (x ) G(x) dx) [ /  r ( x )  G(x) dx]
R R
w hich can be r e w r i t t e n  in  th e  form
S '( p ) ( r )  = /  r ( x )  [G(x) H ( S p (y )G (y )dy ) ]
R R
Thus i t  i s  c l e a r  t h a t  th e  r e p r e s e n ta t iv e  o f  th e  d e r iv a t iv e  i s  g iv e n  by
g (x )  « G(x) H ( 5 p(y)G (y).dy)
R
Example 2 : L e t S (p ) be  g iv e n  by
S (p ) = / b /  p (x ) q (x ,y )  dx dy . 
a  R
I f  th e  domain o f  S i s  r e s t r i c t e d  to  b e  Lg(R) w here G(x) = x2 , and i f  q 
s a t i s f i e s  th e  c o n d i t io n s
a ) q (x ,y )  i s  L ebesgue m easu reab le  on R x [a ,b ] ,
b) th e re  e x i s t s  a  p o s i t i v e  c o n s ta n t  K such  th a t  f o r  a l l  y e [ a ,b ]  
and a l l  xcR
|q ( x ,y > | < K(l-Ht2) ,
th e n  pq i s  m e asu re a b le  on R x[a ,b ]>  so  t h a t  from  th e  F u b in i theorem  th e  
o rd e r  o f  i n t e g r a t i o n  may be changed to  y ie ld
s (p ) = /  / b P (x) q (x»y) dy dx = /  p (x ) [ / b q (x ,y )  dy] dx .
R a  R a
I t  fo llo w s  from  c o n d i t io n  (b ) t h a t  S (p ) i s  c o n tin u o u s  in  L g (R ), and t h a t
th e  r e p r e s e n ta t io n  o f  S ' (p) w hich i s  g iv e n  by
g (x ) = / a  q (x ,y )  dy 
b
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s a t i s f i e s  t h e  r e l a t i o n
|g ( x ) |  < K j( 1 +x2)
f o r  some p o s i t i v e  c o n s ta n t  K .
Exam ple 3 : L e t  S (p ) be  d e f in e d  by
S (p )  “  /  q (x )  £ ( p )  dx 
R
w here  th e  o p e r a to r  ^ £ is  d e f in e d  t o  be
£ ( p )  = “  ( f ( x )  p ( x ) )  +  g (x )
B ecause  o f  t h e  d i f f e r e n t i a t i o n  in v o lv e d  h e r e  i t  i s  n e c e s s a r y  to  r e s t r i c t  
th e  dom ain o f  S . To t h i s  end  we c o n s id e r  o n ly  th o s e  f u n c t io n s  i n  L^(R) 
w h ich  a r e  tw ic e  d i f f e r e n t i a b l e .  I t  i s  e a sy  to  v e r i f y  t h a t  t h i s  s u b s e t  o f  
L^(R) i s  a c t u a l l y  a  l i n e a r  s u b sp a c e . In  o r d e r  to  o b ta in  an  i n t e g r a l  r e ­
p r e s e n t a t i o n  f o r  t h e  d e r i v a t i v e  o f  S , h o w ev er, i t  i s  n e c e s s a r y  to  make 
some f u r t h e r  r e s t r i c t i o n s  on th e  dom ain o f  S . I n  p a r t i c u l a r  i t  i s  r e q u i r e d  
t h a t  e ac h  e le m e n t p in  t h e  dom ain o f  S 'v a n is h  to  i n f i n i t y '  and t h a t  i t s  
f i r s t  p a r t i a l  do th e  sam e. A f u n c t io n  p i s  s a id  to  v a n is h  a t  i n f i n i t y  i f  
l im  p (x )  = 0 a s  x  g o es  to  p lu s  o r  m inus i n f i n i t y .  The dom ain o f  S i s  th u s  
t h e  s e t  o f  a l l  L^CR) f u n c t io n s  w h ich  a r e  tw ic e  d i f f e r e n t i a b l e  and w hich  
a r e  w e l l-b e h a v e d  i n  th e  s e n s e  d e s c r ib e d  ab o v e .
I f  I t  i s  a l s o  r e q u i r e d  t h a t  t h e  f u n c t io n s  g ,  - |^  , and t h e  p ro d u c t  fq  
v a n is h  a t  i n f i n i t y ,  th e n  i n t e g r a t i o n  by  p a r t s  can  b e  u sed  t o  show t h a t  
S (p ) can b e  w r i t t e n  as
S (p )  = /  p (x )  [f(x >  (g (x )  q ( x ) ) ]  dx .
R
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Thus u n d e r a l l  th e  above  a ssu m p tio n s  t h e  r e p r e s e n t a t i v e  o f  th e  d e r i v a t i v e  
i s  g iv e n  by
h ( x )  = f ( x )  +  (sO O  q(x> ) .
APPENDIX B
ON THE RANGE OF APPLICABILITY OF KOLMOGOROV'S BACKWARD EQUATION
I t  I s  th e  p u rp o se  o f  t h i s  ap p en d ix  t o  show th a t  f o r  a  p a r t i c u l a r  
c la s s  o f  c o n t r o l  problem s th e  r e p r e s e n ta t io n  o f  th e  d e r iv a t iv e  o f  th e  
o p tim a l v a lu e  fu n c t io n  s a t i s f i e s  a  s l i g h t l y  m o d ified  v e r s io n  o f  Kol­
m ogorov 's  backw ard e q u a tio n . The app roach  w i l l  be  to  p r e s e n t  some r e s u l t s  
from  [3 7 ] , and th e n  to  a p p ly  th e s e  r e s u l t s  t o  o b ta in  a  s e t  o f  s u f f i c i e n t  
c o n d i t io n s  f o r  th e  a p p l i c a b i l i t y  o f  th e  m o d ified  K olm ogorov 's e q u a tio n  
to  a  c o n t r o l  p rob lem  o f  a  s p e c i f i e d  s t r u c t u r e .
F i r s t  i t  i s  shown t h a t  th e  d e r iv a t iv e  o f  th e  o p tim a l v a lu e  fu n c ­
t io n  e v a lu a te d  a lo n g  th e  o p tim a l t r a j e c t o r y  c o rre sp o n d in g  to  t h e  i n i t i a l  
p o in t  (po ( . ) , t o) i s  th e  same w h e th er th e  o p tim a l c o n t r o l  i s  c o n s id e re d  
to  be  i n  th e  form  o f  a  p o l ic y  o r  <}ust a  f u n c t io n  o f  t im e . To s e e  t h i s ,  
l e t  u * ( p , t , .)»  d e f in e d  on th e  i n t e r v a l  [ t tT ] f d e n o te  th e  o p tim a l c o n tro l  
p o l i c y .  For f ix e d  t  uA i s  a  m apping from  I*^(R) to  L ^ ( [ t ,T ] ) .  F o r ( p , t )  
on th e  o p tim a l t r a j e c t o r y  uA( p , t ,T )  ** u*(T ) w hich i s  th e  o p tim a l open 
loop  c o n t r o l .
Now assum e ( t h i s  assu m p tio n  i s  j u s t i f i e d  l a t e r )  t h a t  th e  o p tim a l 
v a lu e  f u n c t io n  can be w r i t t e n  i n  th e  form
S ( p , t )  “  S ( p , u * ( p , t » . ) , t )
w here th e  f i r s t  argum ent i n d ic a te s  an e x p l i c i t  dependence o f  S on p 
and th e  second  argum ent ta k e s  i n to  a cc o u n t th e  dependence o f  S on p 
th ro u g h  u* . From theorem  A. 1 .7  i t  i s  s e e n  th a t  i f  S i s  s u f f i c i e n t l y  
smooth th e n  i t s  d e r iv a t iv e  may be  w r i t t e n  as
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t i • i
S (p » t)  ■ (P « u * (p tt» > ) » t)  + ( p iU ^ ( p i t t >) (p > t> •)
w here th e  s u b s c r ip t  ( 1 ) d e n o te s  th e  p a r t i a l  d e r iv a t iv e  w ith  r e s p e c t  to  
th e  1  th  argum ent.
S ince  S ( p , . , t )  I s  m inim ized ov er I t s  second  argum ent by uA( p , t , . ) ,
i
i t  fo llo w s  t h a t  ( p > u * ( p , t , . )  , t )  ■ 0  so  t h a t
S (p » t)  ■ (p  ,u ^ ( p , t , . ) ,  t )
and s in c e  ( p , t )  I s  assum ed t o  b e  on th e  o p tim a l t r a j e c t o r y ,  uA( p , t , . )  -  
u * ( .) »  so  t h a t  S ( p , t )  i s  j u s t  th e  d e r iv a t iv e  o f  S w ith  r e s p e c t  to  p w ith  
th e  c o n t r o l  h e ld  f ix e d  a t  u * ( . ) .  Thus th e  above argum ent j u s t i f i e s  
h o ld in g  th e  c o n t r o l  f ix e d  when ta k in g  th e  d e r iv a t iv e  o f  S .
As a  s t a r t i n g  p o i n t ,  l e t  z ( t )  be  a  s o lu t io n  o f  th e  I t o  e q u a tio n
( B .l )  d z ( t )  * h ( t , z ( t ) ) d t  +  q ( t , z ( t ) ) d v ( t )
The fo llo w in g  theorem  [37] w i l l  p rove  to  b e  u s e f u l  I n  th e  s e q u e l:
THEOREM B . l  : L e t th e  fu n c t io n s  h and q b e  d e f in e d  on [ t Q,T] x  R and
m easu rab le  w ith  r e s p e c t  to  a l l  t h e i r  a rg u m en ts . Suppose f u r t h e r  t h a t
2
z ( t Q) i s  In d ep en d en t o f  v ( t ) ,  E { z ( tQ) }«*>, and th a t  th e r e  e x i s t s  a  con­
s t a n t  K such  t h a t  f o r  t  e [ t Q,T ] and x ,yeR
(B .2 ) |h ( t , x )  -  h ( t , y ) |  +  |q ( t , x )  -  q < t ,y )  | < K |x - y |  ,
(b .3 )  | h ( t , x ) | 2 +  |q ( t , x )  | 2 <K2 (1 + | x | 2) .
Then th e r e  e x i s t s  a  s o lu t io n  z ( t )  o f  (B .l )  s a t i s f y i n g
(a )  z ( t )  i s  c o n tin u o u s  w ith  p r o b a b i l i ty  1  and z ( t )  ■> z ( t  )o
f o r  t  = t  .o
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2  2(b ) sup E { z ( t)  )< K E{z(t ) } f o r  some p o s i t i v e  K.
t  <t<T “  °o— —
F u rth e rm o re  I f  z ^ ( t )  and Z2 ( t )  a r e  two s o lu t io n s  o f  ( B . l )  s a t i s f y i n g  (a ) 
and  ( b ) , th e n
(c )  P{ sup | z . , ( t ) - z „ ( t )  | -  0} -  1 .
t  z tsT  L z o
Now d e f in e  th e  p ro c e s s  z t  f o r  s  e [ t ,T ]
s s
(8*4) Zy , t ^ 8  ^ "  7 + j h (r »zy | t ^ r ^ dr + |  q ( r »zy t t (^)>dv<t)*
t  t
I n t u i t i v e l y  zy t ( s )  i s  th e  p o lu t io n  o f  ( B . l )  a t  tim e  s g iv e n  t h a t  z ( t ) - y .  
The fo llo w in g  theorem  [37] g iv e s  a  s e t  o f  c o n d i t io n s  f o r  w hich  a  f u n c t io n  
n  o f  zy t  s a t i s f i e s  K olm ogorov 's backw ard e q u a tio n :
THEOREM B .2  : L e t h ( t , y )  and q ( t , y )  o f  ( B .l )  be  c o n tin u o u s  and have
c o n tin u o u s  f i r s t  and second  p a r t i a l  d e r iv a t iv e s  w ith  r e s p e c t  t o  y .  A lso  
assum e t h a t  th e r e  e x i s t  p o s i t i v e  c o n s ta n ts  K and m such  t h a t
(B .5 ) | h ( t , y ) |  +  | q ( t , y ) |  < K(1 +  | y | ) ,
(B .6 ) |h y ( t , y ) |  +  |h y y ( t , y ) |  +  |q y ( t , y ) |  +  I q ^ t . y )  | < K(1 + | y |m) ,
and  t h a t  n ( . )  i s  tw ic e  c o n tin u o u s ly  d i f f e r e n t i a b l e  w ith  
(B .7 ) |n ( y ) |  + jn  ( y ) |  + jn " ( y ) |  < K(1 + |yI™ ).
Then th e  f u n c t io n  g ( t , y )  « E n ( z  . .(b) )  s a t i s f i e s
(B .8 )  8ga t ?y  ^ + h < t , y )  \  q2 ( t , y )  -  0
y 3y
f o r  t  e ( t Q, s ) ,  w ith  boundary  c o n d i t io n s  g ( s ,y )  -  n ( y ) .
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T urn ing  now Co a p p l ic a t io n s  o f  th e  above theorem s to  th e  c o n t r o l  
p rob lem , l e t  h  and q o f  ( B .l )  be  such  t h a t  [5 ,3 7 ,6 ]  th e  p r o b a b i l i t y  d e n s i ty  
o f  z ( t )  s a t i s f i e s  th e  F o k k er-P lan ck  e q u a tio n
2
(B .9 ) -  -  h  ( h ( t , y )  * ( t , y ) )  +  1 ^ - 2  * ( t , y »
y 3y
on th e  I n t e r v a l  [ t Q,T ] ,  s u b je c t  to  a  s p e c i f i e d  boundary  c o n d it io n  4»(t ,y )
-  pc (y)-
Now l e t t i n g  h ( t , y )  be  o f  th e  form  h ( t , y )  -  f ( t , y )  + b u ( tr ) , we can
p o se  th e  fo llo w in g  c o n t r o l  p rob lem . For a  g iv en  I n i t i a l  d e n s i ty  p Q( . ) ,
f in d  th e  c o n tr o l  fu n c t io n  u * ( . )  d e f in e d  on [ t  »T] t h a t  m in im izes th e" o
c o s t  f u n c t io n a l
?  T
(B. 1 0 ) J ( t o) -  H (j G(y)i{i(T,y)dy) +  j  V ( t ,y ) ^ ( t ,y ) d y d t  + - |  J  u 2 ( t ) d t
R t  R to o
w here 4) I s  th e  s o lu t io n  o f (B .9 ) due to  th e  c o n t r o l  u ( . ) .  The m inim iza­
t i o n  i s  to  be done o v e r th e  s e t  o f  c o n tin u o u s  f u n c t io n s  on [ t 0 ,T ] .
Assuming t h a t  a n  o p tim a l c o n t r o l  u * ( . )  e x i s t s ,  th e  o p tim a l v a lu e
f u n c t io n  f o r  th e  above c o n t r o l  p rob lem  i s  g iv e n  by
T
( B . l l )  S ( p , t )  -  H( |  G (y )4 » * (y ,T ;p ,t)d y ) +  j  j  V (T ,y )$ * (y ,T ;p ,t )  dy dT





w here $ ( . , T ; p , t )  I s  th e  s o lu t io n  o f  (B .9 ) a t  tim e  T under th e  c o n t r o l  
u * ( . )  s u b je c t  to  th e  i n i t i a l  c o n d i t io n  ■ p ( * ) .  C oncern ing  th e
domain o f  S ( . , t ) ,  I t  i s  r e q u ir e d  t h a t  p be  tw ice  d i f f e r e n t i a b l e  becau se  
i t  m ust s e rv e  a s  an  I n i t i a l  c o n d i t io n  f o r  (B .9 ) . AIbo i f  p h as  a  f i n i t e  
second  moment, th en  4  ( * ,T ; p , t )  w i l l  a l s o  have a  f i n i t e  second moment I f  
th e  h y p o th ese s  o f  theorem  B . l  a r e  s a t i s f i e d .  S in ce  th e  a ssu m p tio n  o f
f i n i t e  second moments w i l l  r e s u l t  I n  l e s s  s t r i n g e n t  re q u ire m e n ts  on G 
and V, as  w i l l  b e  seen  l a t e r ,  t h a t  r e s t r i c t i o n  w i l l  be  made on th e  domain 
o f  S. Combining a l l  o f  th e s e  re q u ire m e n ts , th e  domain o f  S i s  d e f in e d  by 
f i r s t  d e f in in g  th e  norm | [ . [ |+ v ia  th e  r e l a t i o n
(B .1 2 ) | | p I I + "  j  ( 1  +  x 2 ) |p ( x ) |d x
R
and th e n  d e f in in g  th e  norm ed l i n e a r  sp ace  M(R) to  b e  a l l  L ebesgue m easur­
a b le  fu n c tio n s  p such  t h a t  ( [ p | |  i s  f i n i t e .  I t  i s  t r i v i a l  to  v e r i f y  t h a t  
| J . | |  i s  a c tu a l ly  a  norm and t h a t  M(R) i s  a  l i n e a r  sp a c e . The domain o f 
S i s  th e n  d e f in e d  to  be  th e  su b sp ace  M^(R) o f  M(R) w hich c o n s i s t s  o f  a l l  
tw ic e  d i f f e r e n t i a b l e  fu n c t io n s  i n  M (R). The norm i n  (R) i s  th e  same a s  
t h a t  f o r  M(R).
' In  o rd e r  to  av o id  f r e q u e n t  r e p e t i t i o n ,  th e  h y p o th e se s  o f  theorem s
B . l  and B .2 w i l l  be  assum ed to  b e  s a t i s f i e d  th ro u g h o u t th e  rem a in d er o f  
t h i s  append ix  e x c e p t w here an e x p l i c i t  s ta te m e n t i s  made to  th e  c o n t r a r y .
T urning  t o  th e  ta s k  o f  o b ta in in g  an e x p re s s io n  f o r  th e  d e r iv a t iv e  o f  
S ( p , t )  w ith  r e s p e c t  to  p ,  we c o n s id e r  f i r s t  th e  term
(B .13 ) S ^ p . t )  - H (  j  G(y) < l> *(y ,T ;p ,t)dy).
R
A
From th e  d e f i n i t i o n  o f $ and  z . ( T ) ,  i t  i s  c l e a r  t h a t  (B .13) can  be
y* *■
r e w r i t t e n  a s
(B . 14) S ^ p . t )  -  H( J  p (y ) C ( t ,y )d y )
R
w here C ( t ,y )  i s  d e f in e d  t o  be
A ccord ing  to  theo rem  B.2 ,  I f  G I s  tw ic e  c o n tin u o u s ly  d i f f e r e n t i a b l e  
and s a t i s f i e s  th e  in e q u a l i ty
(B .16) |G (y ) | +  |G *(y> | +  |G” ( y ) |  < K(1 + |yI™)
f o r  some p o s i t i v e  K and  some p o s i t i v e  m, th e n  C ( t ,y )  s a t i s f i e s  (B .8 ) f o r  
t  e I t o ,T ] w ith  th e  boundary  c o n d i t io n  C (T ,y) -  G (y ) . I t  w i l l  now be 
shown th a t  i f  i n  a d d i t io n  G i s  r e q u ir e d  to  s a t i s f y
(B .17) |G (y) | < 1 ^ (1  +  y2)
f o r  some p o s i t i v e  and i f  H i s  r e q u i r e d  t o  b e  d i f f e r e n t i a b l e ,  th e n  
i s  a  c o n tin u o u s  fu n c t io n  o f  p .
F i r s t  we n o te  t h a t  a s  in  exam ple 2 o f  ap p en d ix  A i t  i s  s u f f i c i e n t  to  
show, f o r  th e  p a r t i c u l a r  t  tinder c o n s id e r a t io n ,  t h a t  C ( t ,y )  s a t i s f i e s
(B .18) [ C ( t ,y ) |  < K2<1 +  y 2)
f o r  some p o s i t i v e  From (B .17) I t  fo llo w s  t h a t  t o  p ro v e  (B .18) i t  i s  
s u f f i c i e n t  to  show t h a t
(B .19) E{zy ^ ( T ) 2 } < K3 y 2
f o r  some p o s i t i v e  K^.
E q u a tio n  (B .19) may b e  e s ta b l i s h e d  by a p p ly in g  theorem  B . l  on th e  
i n t e r v a l  [ t , T j .  I f  I t  i s  r e q u ir e d  th a t  z ( t )  ■ y ,  th e n  theorem  B . l  (co n d i­
t i o n  (b) ) s ay s  t h a t  t h e r e  e x i s t s  a  p o s i t i v e  su ch  t h a t
(B .20) E{zy t (T )2 } < K3 E { z ( t ) 2 ) ,
2 2and s in c e  E { z ( t)  } ■ y , (B .20) l o l l i e s  (B .1 9 ) . T hus, i n  v iew  o f  th e  p re ­
ced in g  d is c u s s io n ,  we h av e  t h a t  i s  c o n tin u o u s .
Now, a p p ly in g  th e  c h a in  r u l e  ( th e o re m  A .1 .4 )  t o  (B .1 4 ) and p ro c e e d ­
in g  a s  I n  exam ple 2 o f  A ppendix  A , one o b ta in s
(B .2 1 ) S1  ( p ) ( r )  « |  r ( y )  [ C ( t ,y )  (H* ( J  p ( x ) C ( t ,x ) d x ) ) ] d y
R R
f
so  t h a t  th e  r e p r e s e n t a t i v e  o f  S ^ (p )  I s  c l e a r l y
(B .2 2 ) g ( t , y )  -  C ( t ,y )  H * ( | p ( x ) C ( t , x ) d x ) .
R
S in c e  I t  h a s  a l r e a d y  b e e n  e s t a b l i s h e d  t h a t  C ( t ,y )  s a t i s f i e s  (B . 8 ) ,
for g ( t , y )  to also Batlsfy (B .8 )  it would b e  sufficient to show that
|  p ( x ) C ( t ,x ) d x  d o e s  n o t  depend  on  t  when p  I s  r e s t r i c t e d  t o  l i e  on th e  
R
o p t im a l  t r a j e c t o r y .  T h a t t h i s  i s  t r u e  can  b e  s e e n  b y  n o t in g  t h a t  th e  
te rm  i n  q u e s t io n  c a n  b e  r e w r i t t e n  a s
(B .2 2 ) |  p ( x ) C ( t ,x ) d x  »  |  G (x) <|>*(x,T;p, t ) d x ,
R R
a n d , e n f o r c in g  th e  r e s t r i c t i o n  t h a t  p l i e  on th e  o p t im a l  t r a j e c t o r y ,
(B .2 3 ) $* (■ » T ;p , t )  -  * * ( . ,T ;p o , t o ) .
Thus |  p ( x ) C ( t ,x ) d x  i s  in d e p e n d e n t o f  t .  T h e re fo re  we h a v e  t h a t  f o r  p
J
on t h e  o p tim a l t r a j e c t o r y  g ( t , y )  s a t i s f i e s  (B . 8 ) s u b j e c t  to  th e  b o u n d a ry  
c o n d i t io n
(B .2 4 ) g (T ,y )  = G (y) H* ( |  p (x )G (x )d x  )
R
w hich  i s  th e  d e s i r e d  r e s u l t  f o r  S ^ . A t t e n t io n  w i l l  now b e  fo c u s e d  on  
-  S -  s r
S p e c i f i c a l l y ,  we a r e  c o n s id e r in g  th e  e x p re s s io n  
T T
(B .2 5 ) s £ ( p , t )  "  |  |  V (T ,y )< t» * (y ,T ;p ,t) dy dT +  |  u J (T )d T .
t  R t
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S in ce  th e  te rm  In v o lv in g  th e  c o n t r o l  h a s  no e f f e c t  on th e  d e r iv a t iv e  w ith
r e s p e c t  to  p ,  i t  I s  s u f f i c i e n t  to  r e s t r i c t  a t t e n t i o n  to
T
(B .26) S2 ( p , t )  “ | |  v (Tty> 4>*(y»T;p,t) dy dT.
t a
In  an a lo g y  w ith  th e  d is c u s s io n  p e r t a in in g  to  S^, d e f in e  C ( t ,y ,T )  to  be
(B .27) C ( t ,y ,T )  -  E{V(T,z ^ (T ))}
y  • u
f o r  T e [ t ,T ] ,  The f u n c t io n a l  can  th e n  be  w r i t t e n  a s
T
(B .28) S2 ( p , t )  “ | |  P ( y )C ( t ,y ,T )  dy dT.
t  R
I f  i t  i s  r e q u ire d  t h a t  V s a t i s f y  th e  c o n d it io n s
(a ) tw ic e  c o n tin u o u s ly  d i f f e r e n t i a b l e  w ith  r e s p e c t  to  i t s  
second argum ent and j o i n t l y  c o n tin u o u s  i n  b o th  argum ents
(b ) th e r e  e x i s t  p o s i t i v e  c o n s ta n t  K and m su ch  t h a t  f o r  a l l  
T E [t0 ,T ] and  a l l  zeR
|V (T ,z ) | +  |V (T t z) | + iV (T t z) j < K(1 +  zm)
(c )  th e r e  e x i s t  a  p o s i t i v e  c o n s ta n t  su ch  th a t
| v ( T , z ) |  < K^(l +  z2) 
f o r  a l l  T e [ tQ,T3 and a l l  zeR,
th e n  by u s in g  an  argum ent an a lo g o u s to  th e  one u sed  f o r  S ^ , and u s in g  th e
r e s u l t s  o f exam ple 2 o f  A ppendix A, i t  fo llo w s  t h a t  S2  may be w r i t t e n  a s
r  t
(B .29) S2 ( p , t )  -  |  p (y )  |  C ( t,y ,T )d T  dy .
R L t
S in ce  c o n d i t io n  (c ) on V im p lie s  a  s im i l a r  c o n d i t io n  on Ct i t  fo llo w s  
t h a t  S2  i s  c o n tln o u s  on M^(R) and t h a t  th e  d e r iv a t iv e  r e p r e s e n ta t io n  i s
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T
(B ,30) g 2 ( t ty ) «
t
S in c e  I t  i s  c l e a r  from  th e  e a r l i e r  d is c u s s io n  re g a rd in g  th a t  f o r  
f ix e d  T, C ( t ,y ,T )  s a t i s f i e s  (B . 8 ) on th e  i n t e r v a l  ( t , T ) ,  I t  rem ain s  o n ly  
to  show how t h i s  in fo rm a tio n  can  b e  u sed  t o  o b ta in  an  e q u a tio n  f o r  g 2 ( t , y ) .  
To do t h i s  we I n te g r a te  each  te rm  o f th e  e q u a tio n
(B .31) + h ( t , y )  |  q 2 ( t , y )  -  0
w ith  r e s p e c t  to  T from t  t o  T . T h is i s  p o s s ib le  s in c e  f o r  e ach  T , C ( t ,y ,T )
h a s  a  co n tin u o u s  p a r t i a l  d e r i v a t i v e  w ith  r e s p e c t  to  t  and c o n tin u o u s
f i r s t  and second  p a r t i a l  d e r iv a t iv e s  w ith  r e s p e c t  to  y  .
S in c e  f o r  th e  i n t e g r a l  
T
|  C ( t ,y ,T )  dT
t
th e  d e r iv a t iv e  i s  b e in g  ta k e n  w i th  reB p ec t to  one o f  th e  l i m i t s  o f  in te g ­
r a t i o n ,  i t  i s  n e c e s sa ry  to  em ploy L e ib n iz 's  r u l e .  T h is  r e s u l t s  i n  
T
(B .32) |  C (t,y ,T )d T  -  g2 ( t , y )  +  V ( t ,y )
t
w here we have u sed  th e  f a c t  t h a t  C ( t , y , t )  -= V ( t ,y ) .
Combining (B .32) w ith  th e  o th e r  in te g r a te d  te rm s o f  (B .31) r e s u l t s
in
3 g « ( t ,y )  3 g 5, ( t , y )  , 2  32 g « (t» y )
(B .3 3 ) — ^ ------+ h ( t , y )  — f - --------- + f  q ( t» y )  ----- ^ ----- +  V ( t ,y )  -  0
3y
w here i t  i s  c l e a r  from  (B .30) t h a t  th e  boundary  c o n d it io n  f o r  (B .33) i s  
(B .34) g2 (T ,y ) = 0 .
N o tin g  t h a t  (B .33) i s  j u s t  th e  backw ard Kolmogorov e q u a tio n  w ith
C ( t , y fT )d .
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th e  d r iv in g  te rm  V ( t ,y ) ,  and r e c a l l i n g  t h a t  th e  r e p r e s e n ta t iv e  o f  S^(p) 
a l s o  s a t i s f i e s  (B .8 ) ,  th e s e  r e s u l t s  can  be  comined to  g e t  th e  fo llo w in g  
e q u a tio n  f o r  w ( t ,y )  ■ g ( t , y )  + g 2 ( t ,y ) »  w hich i s  th e  r e p r e s e n ta t iv e  o f
t
S (p) w here  p l i e s  on th e  o p tim a l t r a j e c t o r y :
(B .35) +  h ( t , y )  -9 W{ y ,y -^ + \  q 2 ( t fy ) -2-S f o y * . +  V ( t ,y )  -  0
s u b je c t  to  th e  boundary c o n d i t io n
(B .36) w (T ,y) ■ G(y) H ( J  p (x )G (x )d x  )
E
The r e s u l t s  t h a t  have  b een  d e r iv e d  in  t h i s  ap p en d ix  may b e  sum m arized 
a s  fo l lo w s :
G iven th e  sy stem  d e s c r ib e d  by th e  I t o  e q u a tio n  
(B .37) d s ( t )  « h ( t , z ( t ) ) d t  +  q ( t , z ( t ) ) d v ( t )  ,
w here h ( t , z ( t ) )  <=* f ( t , z ( t ) )  +  b u ( t ) ,  w ith  th e  a s s o c ia te d  c o s t  f u n c t io n a l
T
(B .38) J ( t Q) -  H< J  G (y)v.(T ,y)dy ) +  j  V ( t , y W t , y ) d t  +  J  u 2 ( t ) d t
R t  Ro
w here th e  m in im iz a tio n  i s  to  be done o v e r th e  s e t  o f  co n tin u o u s  c o n t r o l  
fu n c t io n s  u ( t )  on [ t 0 »T], th e  o p tim a l v a lu e  fu n c t io n  S ( p , t )  i s  d e f in e d  to  
be
T
(B .39) S ( p , t )  -  H( |G ( y ) / ( y f T}P , t ) d y )  +  J  J  V (T ,y )^ * (y ,T ;p ,t)d y d T
R t  R
T
1 f 22  j  U*+ f  I u2 (T)dT
t
w here u * ( . )  i s  th e  c o n t r o l  t h a t  m in im izes J ( t )  s u b je c t  to  th e  i n i t i a l  
c o n d i t io n  i p ( t , . )  *■> p ( . ) .  F u rth e rm o re , l e t  th e  domain o f  S be M ^(R )x[to ,T 
w here M ^R) i s  th e  s e t  o f  a l l  tw ic e  d i f f e r e n t i a b l e  L^(R) fu n c t io n s  w ith  
f i n i t e  second  moments.
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THEOREM B.3 : L e t th e  fu n c t io n s  h , q , H, G, and V s a t i s f y  th e  fo llo w in g
i
c o n d i t io n s :
(a )  h ( t , y )  and q ( t , y )  a r e  c o n tin u o u s  w ith  r e s p e c t  t o  t  and tw ic e  
c o n tin u o u s ly  d i f f e r e n t i a b l e  w ith  r e s p e c t  to  y .
(b) H i s  d i f f e r e n t i a b l e  and G i s  tw ic e  c o n tin u o u s ly  d i f f e r e n t ­
i a b l e .
(c ) V ( t ,y )  i s  tw ic e  c o n tin u o u s ly  d i f f e r e n t i a b l e  w ith  r e s p e c t  to  
y ,  and j o i n t l y  c o n tin u o u s  w ith  r e s p e c t  to  b o th  a rg u m en ts .
(d) T here  e x i s t  p o s i t i v e  c o n s ta n ts  K and m such  t h a t  f o r  a l l
x ,y  e R and f o r  a l l  t e [ t Q,T ] th e  fo llo w in g  i n e q u a l i t i e s  h o ld :
|h ( t , x ) - h ( t , y ) |  +  |q ( t , x ) - q ( t , y ) |  < K jx -y | 
j h ( t , x ) | 2  +  | q ( t , x ) | 2  < K2 ( l  +  | x | 2)
|h y ( t , y ) |  +  IhyyCt^y) | H- ^ ( t . y ) !  +  Iq ^ C t^ y )  | < K( 1  +  [y f™) 
|G (y ) | +  |g* (y ) J +  |G " (y ) | < K(1 +  ly l” )
|V ( t ,y )  | +  |Vy < t ,y ) |  +  IV yyC t.y)! < K(1 + M ® )
[G(y> | < K(1 +  y 2)
|V ( t , y ) |  < K(1 +  y 2)
Then th e  F re c h e t  d e r iv a t iv e  o f  S ( p , t ) , e v a lu a te d  a lo n g  th e  o p tim a l t r a ­
j e c t o r y ,  h as  a  r e p r e s e n ta t io n  w ( t ,y )  w hich s a t i s f i e s  th e  p a r t i a l  d i f f e r ­
e n t i a l  e q u a tio n
(B .40) + h ( t , y )  + 1 q 2 ( t ,y )  A2 w ( t ,v )  + v ( t  y) .  0
y  8 y
f o r  t c [ t o »T] s u b je c t  to  th e  boundary  c o n d it io n
(B .41 ) w (T ,y ) = G(y)H*( J  p (x )G (x )d x  ) .
R
From a s t r i c t l y  m a th e m a tica l v ie w p o in t, th e  s e t  o f  c o n t r o l  problem s 
f o r  w hich th e  h y p o th e se s  o f  theorem  B .3 a r e  s a t i s f i e d  co u ld  b e  c o n s id e re d  
to  b e  r a t h e r  r e s t r i c t e d ,  a lth o u g h  I t  does In c lu d e  th e  Im p o rtan t s p e c ia l  
c a s e  o f  th e  l i n e a r  q u a d ra t ic  c o n t r o l  p rob lem . From a n  e n g in e e r in g  view ­
p o in t ,  however* i t  would i n  m ost c a s e s  b e  p o s s ib le  to  choose  a  m athem at­
i c a l  m odel o f  a  p h y s ic a l  sy stem  to  s a t i s f y  th e  h y p o th e se s  o f  theorem  B .3 . 
S in c e  th e  c o n s ta n t  K can  b e  a s  l a r g e  a s  one d e s i r e s ,  th e r e  I s  c o n s id e r ­
a b le  freedom  I n  c h o o sin g  th e  m a th e m a tic a l m odel f o r  's m a l l '  x ,  and s in c e  
th e  b e h a v io r  o f th e  p h y s ic a l  sy stem  i s  n o t  u s u a l ly  known f o r  l a r g e  x , 
n o th in g  i s  l o s t  by  ch o o sin g  a  m odel t h a t  i s  'w e ll-b eh av ed *  In  th e  se n se  
o f  theorem  B .3  f o r  l a r g e  x .
APPENDIX C 
THE VECTOR CASE
The p u rp o se  o f  t h i s  append ix  i s  to  I n d ic a te  th e  g e n e r a l i z a t io n  o f 
th e  r e s u l t s  o b ta in e d  fo r  th e  s c a l a r  c ase  to  th e  v e c to r  c a se . As a  s t a r t ­
in g  p o in t ,  c o n s id e r  th e  p -d lm enB ional s t o c h a s t i c  d i f f e r e n t i a l  e q u a tio n
( C .l )  d x ( t )  = ( f ( x , t )  +  B u ( t) )  d t  +  q ( x , t )  dw (t)
w here x ( t)e R ^  i s  th e  system  s t a t e ,  u ( t ) e R r  i s  th e  c o n t r o l ,  w i s  a  s ta n d a rd  
m -d lm en slo n a l W einer p ro c e ss  w ith  c o v a r ia n c e  W, and th e  i n i t i a l  s t a t e  
x ( t Q) h as  d e n s i ty  pQ( , ) .  To b e  c o n s i s t e n t  B ( t)  o u s t  be  an m*r m a tr ix  and 
f  an m v e c to r .  L e t t in g  r e p r e s e n t  th e  i - t h  row o f  B and th e  i - t h  
component o f  f ,  th e  e q u a tio n  d e s c r ib in g  th e  e v o lu t io n  o f  th e  d e n s i ty  func­
t io n  o f  x ( t )  can b e  w r i t t e n  as
(C -2 ) f t  “  “  ^ 1 “  +  ^ ( t ) ]  i|»(A ,t))
1*1 i
+ * J=i ^7^7 KqWqI)lJ *I
w ith  t Q) = pQ( . ) .  F o r n o ta t io n a l  co n v en ien ce  we d e f in e  by
w r i t in g  (C .2) in  th e  form
(C .3) •
The c o s t  f u n c t io n a l  f o r  th e  v e c to r  c a s e  i s  o f  t h e  form
(C .4) J ( t o ,u ,p o ) -  zfyCT)) +  / T /  V (A ,x) *<A,t ) dA dx
t Q R
+ \  J uT (x) r(x) u (x )  d r
2 ‘ o
w here  Z and V a r e  r e a l - v a lu e d  fu n c t io n s  d e f in e d  on LjCR?) and R ^ x [ tQ,T] 
r e s p e c t iv e ly ,  and I*(t) i s  a  p o s i t i v e  d e f i n i t e  r * r  m a tr ix .
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The H a m ilto n -Ja co b i e q u a tio n  f o r  th e  v e c to r  c a se  l a  g iv en  by
(C .5 ) -  | |  -  /  [V(X»t) * (A ,t )  + g (A it)  dA + mln{K (u < t))}
Rp u
w here g l a  th e  r e p r e s e n ta t io n  o f  th e  d e r iv a t iv e  o f  S ( . , t ) f i s  ^  w ith
u = 0 , and Kfc I s  th e  m apping from  Rr  to  R d e fin e d  by
(C .6 ) K (u) = uT T ( t)  u -  Y B, D . ( t )  u w here
C 1=1 1 1
(C .7) D± ( t )  = /  g (A ,t)  { £ -  (A ,t)  dX .
R 1
From- th e  d e f i n i t i o n  o f  K^ . and th e  f a c t  th a t  T ( t)  i s  sym m etric  and 
p o s i t i v e  d e f i n i t e  one o b ta in s  from  (C .5 ) th e  n e c e s sa ry  c o n d it io n
(C .8 ) u * ( t )  = T -1 BT D (t)  w here
(C .9 ) D ( t)  = [ D ^ t )  . . .  » p ( t ) ] T .
The v e c to r  c a se  g e n e r a l i z a t io n  o f  th e  e q u a tio n  d e r iv e d  in  A ppendix B 
f o r  g (A ,t)  i s  g iv en  by
(C .10) g (X ,t)  = ^ * ( g )  -  V (X ,t)
w here i s  d e f in e d  by
(C. 11) ° * (g )  = -  J  ( f j t t . t O + B ^ C t ) }  ~ - g ( x , t )
-  2 I 3x71x7 •
*  J
The boundary c o n d it io n  f o r  (C .10) i s  g iv e n  by
N
(C .12) g(X ,T) = I  H '( s . )  G (X)
i= l
w here s ^  i s  d e f in e d  to  be
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